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ABSTRACT

A new bulk model of the convective boundary layer, the probabilistic bulk convection model (PBCM), is

presented. Unlike prior bulk approaches that have modeled the mixed-layer-top buoyancy flux as a constant

fraction of the surface buoyancy flux, PBCM implements a newmixed-layer-top entrainment closure based on

the mass flux of updrafts overshooting the inversion. This mass flux is related to the variability of the surface

state (potential temperature u and specific humidity q) of an ensemble of updraft plumes. The authors

evaluate themodel against observed clear-skyweak and strong inversion cases and show that PBCMperforms

well. The height, state, and timing of the boundary layer growth are accurately reproduced. Sensitivity studies

are performed highlighting the role of the main parameters (surface variances, lateral entrainment). The

model is weakly sensitive to the exact specification of the variability at the surface and is most sensitive to the

lateral entrainment of environmental air into the rising plumes. Apart from allowing time-dependent top-of-

the-boundary-layer entrainment rates expressed in terms of surface properties, which can be observed in situ,

PBCM naturally takes into account the transition to the shallow convection regime, as described in a com-

panion paper. Thus, PBCM represents an important step toward a unified framework bridging parameteri-

zations of mixed-layer entrainment velocity in both clear-sky and moist convective boundary layers.

1. Introduction

The top-of-the-boundary-layer entrainment velocity—

that is, the development of convective boundary layer

into the overlying stable free troposphere—plays a fun-

damental role in the height, temperature, and moisture

states of the convective boundary layer (vanZanten et al.

1999). In the convective boundary layer, boundary-layer-

top entrainment is induced by upward thermals pene-

trating into the free troposphere (Hourdin et al. 2002; Rio

and Hourdin 2008). The effect of these small-scale pro-

cesses is parameterized in general circulation, regional, or

mesoscale models. To date it has not been possible to

develop a general parameterization of the entrainment

process that bridges the transition from dry to cumulus-

topped boundary layers. The present study builds a uni-

fied framework for the dry and moist boundary layers in

which hypotheses regarding the physical processes gov-

erning boundary layer–convection coupling can be easily

tested.

In a recent position paper, Bony et al. (2011) em-

phasized the need for using models of differing levels of

complexity to accelerate progress in climate modeling.

In particular, simplified modeling should be used to

close conceptual gaps at their source and try to develop

process-level physical understanding. Bulk models have

historically provided the basis for parameterizing the

boundary layer in climate models for diagnostic studies

or for deepening understanding of boundary layer pro-

cesses (Stevens 2006) in the stratocumulus-topped (Lilly

1968; Deardorff 1976; vanZanten et al. 1999; Stevens
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2002, 2006), cumulus-topped (Betts 1973; Albrecht 1979;

Albrecht et al. 1979; Bellon and Stevens 2005; Stevens

2006; Bretherton and Park 2008), or dry convective

boundary layers (Betts 1973; Deardorff 1979; vanZanten

et al. 1999).

In what follows, we construct a bulk formulation of the

boundary layer in which boundary-layer-top entrainment

velocity is related to the mass flux of an ensemble of

updrafts overshooting the boundary layer inversion. We

denote our formulation as the probabilistic bulk con-

vection model (PBCM). The main idea behind PBCM is

the realization that dry and shallow moist convection are

probabilistic processes induced by turbulence originating

from the surface. The variability at the surface induces

variations in the properties of the rising plumes and in the

boundary layer heights as observed in situ (Clayson and

Kantha 2008) or in large-eddy simulations (Sullivan et al.

1998).

This first paper introduces the concepts behind the

statistical growth of the mixed layer and how it is related

to the surface variability for the case of a dry boundary

layer without clouds. Over land, a dry boundary layer

normally precedes the formation of shallow convection.

Thus, a necessary starting point for a unified framework

is the representation of a dry, cloud-free boundary layer.

A companion paper (Gentine et al. 2013) extends the

PBCM framework to a shallow cumulus boundary layer.

The rest of this paper is organized as follows. Section 2

summarizes the key elements of PBCM. Section 3 de-

scribes the variability of the surface and the new formu-

lation of the entrainment at the boundary layer top.

Section 4 details the prognostic equations of PBCM.

Section 5 compares PBCM results with large-eddy sim-

ulations over weak and strong inversion cases. Themodel

is then compared to observations over the Southern

Great Plains (SGP) Atmospheric Radiation Measure-

ment Program (ARM) Climate Research Facility for

5 June 1997. Section 6 presents results of sensitivity anal-

yses in which some key PBCM parameters, including the

surface variances and the lateral entrainment of the plume

model, are varied.

2. Model structure

Figure 1 schematically illustrates the dry boundary

layer structure assumed by PBCM. PBCM is a first-order

dry mixed-layer model (e.g., Betts 1973, 1974; Deardorff

1979; vanZanten et al. 1999; Pino et al. 2006; Conzemius

and Fedorovich 2007) and is divided into four continuous

regions (from bottom to top):

1) The surface layer extending from the land surface to

height zSL, which is here assumed to be 0.1zm, where

zm corresponds to the top of the mixed layer. In the

surface layer the potential temperature and humidity

profiles are logarithmic, with a Monin–Obukhov sta-

bility correction formulated as inBeljaars andHoltslag

(1991).

2) The drymixed layer extending from zSL to zm inwhich

u and q are assumed to be uniform.

3) The dry inversion layer connecting themixed layer to

the free troposphere between zm and h with linear

lapse rates Gu(zm) and Gq(zm).

4) The region above h corresponds to the free troposphere

where the constant lapse rates gu and gq of potential

temperature and specific humidity are specified.

A list of symbols used can be found in Table 1.

PBCM has four variables requiring prognostic equa-

tions: u, q, zm, and h.

3. Variability at the surface and the evolution of the
dry convective boundary layer

We formulate the evolution of the dry convective

boundary layer in PBCM by relating the top-of-the-

boundary-layer entrainment velocity to the mass flux

of convective updrafts that originate from the surface and

reach the level h. The advantage of this formulation is

that the top-of-the-boundary-layer entrainment velocity

does not require an ad hoc parameterization that is based

on a linear relation between the buoyancy flux at the

surface and the one at the top of the mixed layer:

w0u0y(zm)52bw0u0y(0) (Betts 1973; Tennekes 1973;

Deardorff 1979; vanZanten et al. 1999; Pino et al. 2006;

Conzemius and Fedorovich 2007), where the overbar

denotes the Reynolds average, primes denote turbulent

fluctuations, w is the vertical velocity, b is a constant

whose value ranges from 0.1 to 0.2, and uy is the virtual

potential temperature. The new formulation relates the

rate of growth of the mixed layer to the distribution of

state variables at the surface (section 3d). These distri-

butions can be observed in situ using eddy-covariance

FIG. 1. Boundary layer structure.

1544 JOURNAL OF THE ATMOSPHER IC SC IENCES VOLUME 70



measurements, while the mixed-layer entrainment ve-

locity cannot.

a. Surface variability

The turbulence at the surface induces variability in the

dry conserved variablesX5 [uq]T of the boundary layer.

This variability is represented statistically through the

definition of a joint probability density function (pdf) of

[wuq] as in Golaz et al. (2002), Cheinet (2003, 2004), and

Neggers et al. (2009). For simplicity, this joint pdf is

assumed to be Gaussian at height zSL, the lowest level of

the mixed layer, and centered around the mean prop-

erties of the mixed layer: the large-scale vertical velocity

w(z), the mean potential temperature u, and the mean

specific humidity q. The values of u and q are determined

by the budget equations, while the large-scale ascent w is

prescribed.

The choice of a Gaussian pdf is obviously a rather

strong assumption, although it has already been used

and justified in previous work (e.g., Cheinet 2003, 2004;

Kuang and Bretherton 2006; Neggers et al. 2009). More

sophisticated pdf representations could be applied fol-

lowing, for example, Golaz et al. (2002) and Mellado

et al. (2010). Our use of Gaussian pdfs is motivated by

simplicity and analytical tractability. Furthermore, in

PBCMwe are only resolving the positively buoyant part

of the distribution (updrafts), and we do not consider the

downdrafts, which are often thought to impose a bimodal

structure to the pdf (Golaz et al. 2002). Quantifying the

actual distributions of turbulent variables remains an ac-

tive area of research (e.g., Ansmann et al. 2010; Couvreux

et al. 2010).

For a Gaussian distribution, the knowledge of its mean

value and of the covariance matrix is sufficient to char-

acterize the entire pdf. The surface covariance matrix is

S5

2
64 w02 w0u0 w0q0

w0u0 u02 u0q0

w0q0 u0q0 q02

3
75 . (1)

While the covariance matrix is specified at zSL, the

boundary layer forcing is specified at the surface. The

surface layer is characterized by relatively constant heat

fluxes (Stull 1988; Garratt 1994). We therefore approxi-

mate the sensible and latent heat fluxes in the covariance

matrix at zSL by their surface values:w0f0(zSL)’w0f0(0),
with f 5 fu, qg.
For simplicity, we assume that the vertical turbulent ki-

netic energy term w02 and the variances of potential

temperature u02 and humidity q02 are obtained through

a similarity relationship. We assume w02 5 0:33w2
* based

on Stull (1988). The convective velocity scale is defined as

w*5 [gzmw0u0y(0)/uy]
1/3 as in Deardorff (1979). Following

Stull (1988) it is also assumed that u02 5 5u2* and q02 5 5q2*,

with u*5w0u0y(0)/w* and q*5w0q0(0)/w*. A sensitivity

study on the surface variance is performed in section 6.

As in De Bruin et al. (1999), the correlation between

u0 and q0 is assumed to be 1. This correlation evolves

above the surface into the boundary layer because of

the environmental mixing but generally remains posi-

tive in the updrafts (Lenschow 1973; Lothon et al.

2007), while it is the tropospheric downdrafts pene-

trating into the surface layer that reduce it. Since the

updrafts explicitly determine boundary layer growth

(see section 3d), we do not consider here the structure

of the downdrafts.

Note that the sensible (w0u0) and latent (w0q0) heat

fluxes not only determine variability at the surface

(through the similarity relationships) and the cross vari-

ations of those variables but they also determine the

evolution of the mean (bulk) mixed-layer state variables

through the common heat and moisture conservation

laws (see next section).

b. Height evolution of the updraft properties: w, u,
and q

To compute the mass flux at level h, we need to de-

termine the distribution of the updraft velocity above

the inversion. The updrafts originate from the surface.

TABLE 1. List of variables and description.

Variable Description Units

h Boundary layer depth m

q Water vapor specific humidity kg kg21

q Mean value of q in the dry

mixed layer

kg kg21

T Absolute temperature K

w Upward velocity m s21

w0f0 Vertical transport of conserved

variable f

m s21 f

X Ensemble-mean value of variable X —

X
u

Ensemble-mean value of variable X

over the updrafts

—

X 0 Turbulent deviation of X around

it mean statistical value X

—

zSL Surface-layer depth m

zm Mixed-layer depth m

d Depth of the inversion layer in the

first-order model

m

gu Potential temperature lapse rate

above the boundary layer

K m21

gq Specific humidity lapse rate above

the boundary layer

kg kg21 m21

GX
zm

Lapse rate of X right above level zm —

f Conserved variable f 5 fu, qg —

r Air density kg m23

u Potential temperature K

u Mean statistical value of u in

the dry mixed layer

K
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The conserved variables of the updrafts during their

vertical evolution are computed using an entraining

plume model (Simpson et al. 1965; Simpson and Wiggert

1969; Betts 1975; Hourdin et al. 2002; Siebesma et al.

2003; Soares et al. 2004). Each updraft is described by its

moist conserved variables ul, qtot—respectively the liquid

water potential temperature and the total water—and by

its vertical velocity wu. Within an updraft, the vertical

structure of a conserved variable is determined by

dfu

dz
52�(fu2f) , (2)

where � is the lateral entrainment rate, fu refers to the

moist conserved variables of the updraft (i.e., ful, qtotg),
and f refers to the conserved variable of the mixed

layer. The lateral entrainment rate is assumed to scale

with the depth of themixed layer as c�/zim
21, with c�5 1

(De Rooy and Siebesma 2008).

For the updraft velocity we have

1

2

dw2
u

dz
5 c1B(z)2 c2�w

2
u , (3)

with c15 1/3 and c25 2 as in Jakob and Siebesma (2003)

and with B(z)5 g/uy(u
u
y 2 uy) the updraft buoyancy.

These equations can be integrated analytically as de-

tailed in the appendix. By a Monte Carlo analysis (not

shown), the dependence on the value of w at the surface

can be shown to be small and is neglected, so that the

vertical profile of the velocity is only dependent on the

surface virtual temperature anomaly u0y(0). Since the spe-

cific humidity and potential temperature of the updrafts

are perfectly correlated at the surface the standard de-

viation of u0y(0) is simply suy 5su 1 ugsq, in which g is

the ratio of water vapor to dry air density. Consequently,

PBCM can be expressed in terms of the surface distri-

bution of virtual temperature anomalies u0y(0).

c. Updraft fraction and mass flux overshooting the
inversion

In addition to the vertical velocity of the updrafts, the

fractional cover of the updrafts is needed to compute the

mass flux of the updrafts overshooting the inversion. We

assume that the fractional cover of each updraft is un-

changed in the mixed layer. In the inversion, some of the

updrafts overturn because of the negative buoyancy

acting on them [see Eq. (3)]. The total updraft cover

within the inversion is thus reduced. The total fractional

cover of the updrafts overshooting the inversion h, fu, is

obtained by integrating the surface distribution above

the dry convective inhibition (CIN) threshold u0y,h, de-
fined as the minimum buoyancy anomaly necessary to

reach h:

fu5
1

2
erfc

0
@ u0y,hffiffiffi

2
p

su
y

1
A . (4)

Figure 2 depicts the dry CIN threshold and how it is

reflected in the vertical kinetic energy of the updraft

above the inversion. Because of the linear transformation

of the surface distribution, the vertical kinetic energy of

the updraft remains Gaussian above the inversion. The

negative side of the vertical kinetic energy pdf (white area

in Fig. 2) is not used since it corresponds to updrafts that

are unable to reach the top of the inversion.

The dry CIN threshold is computed as the surface vir-

tual potential temperature threshold such that wu(h)5 0:

u0y,h 5
1

2

[2c2e
2�(h2z

m
12c

2
z
m
) 2 2c2e

22c
2
�z

m 2 e22c
2
�h1 e22c

2
�z

m ]G
u
y
z
m
e2c2�zm

(e22c
2
�h2 e2�h)�c2

, (5)

which simply tends to

u0y,h 5
1

2

G
u
y
z
m
(h2 zm)

2

h
, (6)

in the absence of lateral entrainment (when � goes to 0).

This threshold corresponds to the dry CIN to reach the

inversion layer top for a nonentraining parcel.

The updraft mass flux at level h is then obtained as the

updraft ensemble mean:

Mu(h)5 rfuwu 5 rfuwu
u , (7)

where fu is the fractional cover of overshooting updrafts,

wu
u represents the average value of the updraft con-

vective velocity, and wu conditioned on being an over-

shooting updraft [obtained from Eq. (3)].

d. A new parameterization for the
boundary-layer-height entrainment velocity

The top-of-the-dry-boundary-layer entrainment veloc-

ity is defined as

we 5
dh

dt
2w(h) , (8)

where w represents the large-scale upward velocity.
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We here present a new parameterization of the en-

trainment process at the boundary layer top. In this

parameterizationwe assume that entrainment is done by

sinking free-tropospheric air motion only. In turn, the

mass flux of this sinking motion equals the mass flux of

the updrafts overshooting h, which was computed in Eq.

(7). We here want to stress that at level h the buoyancy

flux is assumed to be negligible through compensating

ascending and descending turbulentmotion yet the TKE

and therefore mass flux is generally nonnull at this

height [see Fig. 4 in Sullivan et al. (1998)], especially in

the weak stratification case.

Like any other parameterizations, the boundary layer

entrainment closure in Eq. (11) grossly simplifies the

detailed turbulence structure inherent to the entrain-

ment process at the boundary layer top; nevertheless,

this closure is consistent with several observed aspects of

entrainment. Because entrainment is statistical in nature

(Clayson and Kantha 2008), adopting a probabilistic ap-

proach is legitimate. Based on scaling analysis and the use

of the Ozmidov length scale (Dillon 1982), which is

a measure of the length scale of turbulent overturning

events, it is expected that small eddies will dissipate rap-

idly within the inversion. Larger eddies and the most in-

tense updrafts will therefore penetrate deeper into the

stable inversion. In the convective boundary layer, most

of the turbulent transport is induced by coherent struc-

tures such as thermal plumes (Couvreux et al. 2010). The

transport of smaller eddies is much smaller. Finally, based

on the quadrant analysis of Sullivan et al. (1998), ‘‘ . . .in

the entrainment zone upward-moving thermal plumes,

which are cool relative to their surroundings, make up

a large fraction of the negative heat flux, but because of

the stable stratification these same plumes eventually

are redirected downward and then become large con-

tributors to positive buoyancy flux. In other words, to

a large extent plumes generate a self-canceling buoy-

ancy flux in the entrainment zone. . . . Thus, net en-

trainment is associatedmainlywith quadrant IVmotions,

that is, warm air moving downward (free-tropospheric

downward motion)’’ (p. 3054).

Inspired by the work of Stull (1973, 1976b) and Sullivan

et al. (1998), we hypothesize that every updraft over-

shooting the inversion creates a fold [‘‘a dome’’ in the

terminology of Stull (1973)] of the surface of the in-

version. In this process, pockets of free-tropospheric air

are trapped and mixed downward into the boundary

layer. This is shown schematically in Fig. 3 [cf. with

Sullivan et al. (1998)]. Themass transport of the updraft is

given by its vertical velocity multiplied by its density and

its fractional cover. Since mass is conserved, this updraft

mass is equal to the mass trapped into the sinking pocket

[as shown in Stull (1973), (1976b)]:

rfuwu 5 rfpwp , (9)

where wp and fp are the vertical velocity of the pocket

and its fractional cover, respectively.

Taking the ensemble mean of Eq. (9) yields

rfuwu 5 rfpwp . (10)

We define we [ fpwp as our top-of-the-boundary-layer

entrainment velocity.

Since the lhs of Eq. (10) is the updraft mass flux, the

entrainment velocity is equal to the mass flux of the

overshooting updrafts:

rwe5Mu(h) . (11)

FIG. 2. Schematics describing how the probability density func-

tion in virtual potential temperature anomaly is transformed into

vertical velocity at the inversion. To reach the inversion the up-

drafts must have an initial buoyancy anomaly u0y $ u0y,h.

FIG. 3. Schematics of the mechanism of entrainment of

free-tropospheric air into the mixed layer.
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The detailed analytical derivation is provided in the

appendix.

In reference to the schematics in Fig. 3, we can also

write the transport of a conserved variablef in the pocket

as 2rfpwpDf, calling Df the jump in f across the in-

version. Taking again the ensemble mean gives the

turbulent transport of f by all the pockets of sinking

free-tropospheric motion:

rw0f0
p 52rfpwpDf52rweDf . (12)

The overshooting updrafts eventually overturn into the

boundary layer as downdrafts, yielding no net mass, heat,

or moisture transport (Sullivan et al. 1998, and discussion

above). The net turbulent transport is thus due to the

entrained pockets of free-tropospheric air only (Stull

1973, 1976b; Sullivan et al. 1998); that is,

w0f0(zm)52fpwpDf52weDf . (13)

In this form, it clearly appears that our definition of the

entrainment velocity is the same as typical formulations

(Betts 1973, 1974; Deardorff 1979). We note that we

have neglected the effect of upward-propagating waves

induced by the overshooting convective elements (Stull

1976b). This effect is small in the convective boundary

layer and accounts for less than 10% of the turbulent ki-

netic budget when Duy/w* , 0.5 K s m21 (Stull 1976b),

which is usually the case except during the earliest growth

stage of the boundary layer. It should be emphasized that

this entrainment parameterization can be seen as a gener-

alization to a continuum of thermals of the single di-

agnostic plume used in typicalmass-flux parameterizations

of the dry mixed layer (e.g., Neggers et al. 2009).

We have derived this new entrainment parameteri-

zation with the aim of unification with updraft mass-flux

approaches (Lappen and Randall 2001; Hourdin et al.

2002). This parameterization then permits to couple the

entrainment velocity with the cloud-base mass flux in

the presence of moist convection, as we discuss in a

companion paper (Gentine et al. 2013). This new en-

trainment formulation represents an important step to-

ward a unified framework bridging parameterizations of

mixed-layer entrainment velocity and mass flux in both

clear-sky and moist convective boundary layers.

4. Prognostic equations of dry boundary layer

The dry, bulk, boundary layer requires prognostic

equations for the evolution of the four state variables: u,

q, zm, and h. The rate of growth of h was obtained in the

previous section.

a. Mixed-layer growth

Once h is found,weneed to compute zm. In a first-order

model zm cannot correspond to the minimum buoyancy

flux level zi since the minimum buoyancy flux level is

located near themiddle of the inversion (vanZanten et al.

1999). Here we define zm as the level of zero-buoyancy

flux, similar to Fedorovich et al. (2004). To find zmwe use

an approach inspired by Betts (1973) for shallow con-

vection. The zero-buoyancy flux is diagnosed as the level

of neutral buoyancy (LNB) of a diagnostic updraft

where uuy (LNB)5 uenvy (LNB). This updraft has proper-

ties averaged across all updrafts (i.e., u0y . 0) and there-

fore has a potential temperature anomaly at the surface

su/
ffiffiffiffiffiffi
2p

p
and humidity sq/

ffiffiffiffiffiffi
2p

p
. The rate of growth of the

mixed layer is found using the eddy overturning time

scale t 5 zm/w*:

dzm
dt

5
LNB2 zm

t
1w(zm) . (14)

We tested the dependence of PBCMon t and our results

are almost insensitive to the exact definition of t.

In the literature, there exist formulations to diagnose

the depth of the inversion layer (e.g., Deardorff and

Willis 1980; Fedorovich et al. 2004; Neggers et al. 2007,

2009) and therefore to obtain the mixed-layer depth

once h is known. The formulation of Neggers et al. (e.g.,

Neggers et al. 2007, 2009) does not account for the lat-

eral entrainment, yet lateral entrainment modifies the

velocity at the top of the mixed layer, which will impact

FIG. 4. Temporal evolution of the dry convective boundary layer

with the probabilistic model for the weak-convective-boundary-

layer case of Sullivan et al. (1998). The large dots correspond to the

level of zero buoyancy flux, which is used as a diagnostic of the

mixed layer in the LES, following Fedorovich et al. (2004). Con-

tinuous line represents the bulkmodel results and crosses represent

the large-eddy simulation outputs. Solid black line represents the

initial profile.
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the depth of the inversion layer when using a parcel

energy conservation argument in the inversion layer

(Batchvarova and Gryning 1994; Neggers et al. 2007,

2009). Other formulations relating directly the inversion

layer depth to the Richardson number (e.g., Deardorff

and Willis 1980; Fedorovich et al. 2004) have difficulties

representing the transition to moist convection since the

bulk values of the environmental profiles are not much

modified by the presence of the cloud cover.

b. Heat and moisture budget

In the dry mixed layer, longwave radiation is assumed

negligible during daylight hours. The mixed-layer bulk

conservation equation thus reads (e.g., Deardorff 1979;

vanZanten et al. 1999; Stevens 2006)

zm
df

dt
5w0f0(0)1weDf(zm) , (15)

withf5 fu, qg, andDf(zm) is the jump off at themixed-

layer top computed as Df(zm)5f(h)2Gf
zm
(h2 zm), as

in vanZanten et al. (1999).

5. Comparison with LES data

a. Synthetic dataset: Weak inversion case

PBCM is first evaluated against the large-eddy simu-

lation (LES) synthetic dataset of Sullivan et al. (1998) of

a dry (no moisture) free convective boundary layer with

a weak inversion (caseW06) using theDutch LES (Heus

et al. 2010). The reader is referred to Sullivan et al.

(1998) for a detailed description of the experiment.

Figure 4 represents the result of the new pdf-based

entrainment velocity closure without any tuning. The

large dots represent the diagnostic of the mixed-layer

height in the large-eddy simulation run as the zero-

buoyancy flux (Fedorovich et al. 2004). The pdf model

accurately represents both the mixed-layer height and

the value of potential temperature in the mixed layer.

This formulation presents negligible additional compu-

tational burden relative to the constant b formulations

since it can be computed analytically. Note that the as-

sumed linear profile in the inversion layer does not allow

for a perfect fit of the curvature observed in large-eddy

simulations. This is a fundamental limitation of any first-

order model, not just of PBCM itself.

The results are compared to typical constant b for-

mulations. We here consider two typical formulations

for the b factor: 1) a typical constant b5 0.2 value [as in

Stull (1976a)] and 2) the constant b ’ 0.13 formulation

introduced by Deardorff (1979). A detailed comparison

of these formulations is described in vanZanten et al.

(1999). Figure 5 depicts the response of the bulk model

with a b-entrainment parameterization, with b 5 0.13

(Fig. 5a) or b 5 0.2 (Fig. 5b). For both values of b the

rate of growth of the mixed layer is estimated correctly.

In the constant b runs the inversion depth is plotted

FIG. 5. As in Fig. 4, but with (a) w0u0y(zm)520:13w0u0y(0) and

(b)w0u0y(zm)520:2w0u0y(0) entrainment formulation for the weak-

convective-boundary-layer case of Sullivan et al. (1998).

FIG. 6. Relative entrainment velocity of the pdf model compared to

the LES results and to the constant b formulations.
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using the parameterization of Neggers et al. (2009) yet

this depth is not explicitly used in this 0th-order model

since the free-tropospheric profile is extended up to the

mixed-layer top. The inversion is just plotted for illus-

trative purpose in comparison with PBCM.

To get further insights on the daytime variability of

the entrainment ratio b, the b factor of PBCM is plotted

against typical b formulations and LES estimates in

Fig. 6. At the beginning of the run, corresponding to the

main growth of the boundary layer, the b factor is lower

thanDeardorff (1979)’s (0.13) and the typical (0.2) value,

as observed with the LES study. No model is favored

under those conditions. It should be noted that in the

earlier period of the run the LES turbulence still has to

spin up and can thus underestimate the entrainment

process. In addition, during the growth period of the

convective boundary layer the dissipation of turbulent

kinetic energy through internal wave dissipation can be

important (Stull 1976b) and is not represented in either

of the bulk models.

b. Synthetic dataset: Strong inversion case

PBCM is further tested in the case of a dry convective

boundary layer with a strong inversion (Sullivan et al.

1998) compared to results from the Dutch LES. PBCM

compares favorably with the LES outputs as observed in

Fig. 7. Themixed-layer potential temperature is correctly

represented as well as the depth of the mixed layer. This

result confirms the applicability of the new boundary-

layer-top closure under a strong inversion. The constantb

formulations are also plotted in Fig. 8 for comparison.

The b formulations tend to overestimate the depth of the

mixed layer and to underestimate the mixed-layer po-

tential temperature.

c. Dataset: SGP 5 June 1997

The SGP Cloud and Radiation Testbed (CART) is

operated by the U.S. Department of Energy as part of

ARM. The site consists of in situ and remote sensing

instrumented clusters arrayed across approximately

140 000 km2 in Oklahoma and Kansas. Measurements

are taken at the Central Facility.

We have selected 5 June 1997 as a typical clear-sky day

with the development of a convective boundary layer

(Santanello et al. 2005). Negligible large-scale advection

and convergence forcing were present. During that day

intensive measurements of the boundary layer height

were performed.

The surface turbulent sensible and latent heat fluxes

were measured by eddy correlation (EC). The surface

FIG. 7. Temporal evolution of the dry convective boundary layer

with the probabilistic model for the strong-convective-boundary-

layer case of Sullivan et al. (1998). The large dots correspond to the

level of zero buoyancy flux, which is used as a diagnostic of the

mixed layer in the LES, following Fedorovich et al. (2004). Con-

tinuous line represents the bulkmodel results and crosses represent

the large-eddy simulation outputs. Solid black line represents the

initial profile.

FIG. 8. As in Fig. 7, but with (a) w0u0y(zm)520:13w0u0y(0) and

(b) w0u0y(zm)520:2w0u0y(0) entrainment formulation for the weak

convective boundary layer case of Sullivan et al. (1998).
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heat fluxes are depicted in Fig. 9. The model is forced

with the observed initial profile and the time series of

turbulent heat fluxes at the surface.

Radiosondes were launched at 1130 UTC (0630 LT),

1430 UTC (0930 LT), 1730 UTC (1230 LT), 2030 UTC

(1530 LT), and 2330 UTC (1830 LT) during the exper-

iment. The sondes measured dry- and wet-bulb tem-

peratures and pressure. PBCM was initialized on 5 July

with the observed sounding obtained from the radio-

sondes at 1130 UTC, which are seen in Fig. 9.

The temperature and humidity profiles are compared

to observations obtained from radiosondes. Figures 10

and 11 compare the probabilistic modeled profile (con-

tinuous line), b 5 0.2 (plus sign), Deardorff b ’ 0.13

(circles), to radiosonde (dashed line) data.

At 1730 UTC (1230 LT), there is good agreement

between all models and observation as seen in Fig. 10.

All models are in very good agreement with the poten-

tial temperature and humidity sounding in the boundary

layer (until 1300 m). There is substantial increase in

the observed potential temperature in the free tropo-

sphere, which cannot be captured by the model since

the profile was imposed at the beginning of the run. At

2030 UTC (1530 LT), the mixed layer of PBCM is in

slightly better agreement with observations. In particular

the b 5 0.2 model overestimates the mixed-layer height

by about 100 m; b 5 0.13 formulation overestimates the

mixed-layer height by about 50 m. This further confirms

that PBCM is able to realistically reproduce the observed

profiles.

6. Sensitivity tests

a. Model parameters: Similarity closure

Parameter-sensitivity tests have been performed to

determine the flexibility and validity of the results of

PBCM. The model sensitivity is here tested over the

ARM case to investigate both the moisture and temper-

ature dependence of the formulation. The main param-

eters of PBCM, the similarity coefficients of the variances

of u and q at the surface, are increased by 50%. The first

test increases the variance of the vertical velocity of the

plume pdf, the second test increases the variance of po-

tential temperature, the third test increases the variance

of specific humidity, and a final test increases the lateral

entrainment rate.

A summary of the sensitivity test is reported in Table 2.

The sensitivity is shown for three variables: the daylight-

hour maximum specific humidity [max(q)], the maximum

potential temperature [max(u)], and themaximumheight

of the mixed layer [max(zm)].

The runs with increased vertical velocity variance are

indiscernible from the reference run. The 50% increase in

potential temperature variance leads to a 1% decrease

FIG. 9. (top) Surface sensible heat flux H and latent heat flux lE, and (bottom left) initial

potential temperature and (bottom right) specific humidity profiles for 5 Jun 1997 for the ARM

SGP site in Oklahoma.
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in specific humidity. The mixed-layer maximum height

increases by 2% because of the increased buoyancy of

the plumes. The mixed-layer potential temperature is

not sensitive to the increased variance. When the po-

tential temperature variance is doubled or quadrupled,

respectively, the boundary layer maximum depth in-

creases by 4% and 8%, the maximum mixed-layer po-

tential temperature decreases by 0.1 and 0.2 K, and the

maximum mixed-layer specific humidity increases by

2% and 4%. This latter increase in specific humidity

should be compared with the reduction in the 50% in-

crease case, which points to a nonlinear response of spe-

cific humidity.

As could be expected, lateral entrainment is the most

important model parameter. An increase of the lateral

entrainment by 50% leads to a 6% reduction of the

maximum boundary layer height. A 50% reduction of the

lateral entrainment leads to a mixed-layer 16% larger

than in the reference case. This asymmetric response

emphasizes the nonlinearity of the response to the lateral

entrainment. The maximum potential temperature in the

mixed layer decreases by 0.077 K with the increased lat-

eral entrainment. The maximum specific humidity is in-

creased by 2%.

b. Environmental profile lapse rate: Weak CBL

The lapse rate of the initial potential temperature

profile of the weak CBL case is increased by 1 K km21

from the surface up in order to evaluate the sensitivity of

the boundary layermodel to the environmental stability.

Figure 12 depicts the influence of this lapse-rate increase

on the mixed-layer growth and potential temperature.

The increased stability in the initial atmospheric profile

leads to a strong reduction of the mixed-layer growth.

This reduction plateaus at27%of the reference run after

4 h of simulation with PBCM. Results from the constant

b formulations are very similar and are not depicted for

clarity. The Dutch LES reduction also reached 27% at

the end of the simulation (not shown).

The mixed-layer potential temperature is almost not

impacted by a change in the atmospheric stability with

a very slight increase of about 0.048 K induced by the

warmer air entrainment on top of the mixed layer. The

Dutch LES gives an increase of 0.042 K. The potential

temperature is relatively insensitive to the magnitude

of the entrainment process.

These sensitivity tests emphasize the fundamental role

of the inversion layer acting as a regulator of heat ex-

change in the system through the control of the dry

convective inhibition, which must be overcome to over-

shoot the boundary layer inversion. In the presence of

moist convection this regulation mechanism will be fun-

damentally modified since the boundary layer will be-

come an open thermodynamic system, with a valve, the

cumulus mass flux, further regulating the moist static

energy of the mixed layer (Gentine et al. 2013).

FIG. 10. Profiles of (left) potential temperature and (right) specific humidity at 1730 UTC 5 Jun

1997 for the ARM SGP site in Oklahoma.
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7. Discussion and conclusions

A new formulation of the entrainment velocity of the

dry mixed layer has been presented, which relates the

entrainment velocity to the mass flux of the dry thermals

overshooting the boundary layer inversion. The mass

flux is itself related to the probability density function of

vertical velocity w, potential temperature u, and specific

humidity q in the lower mixed layer.

An advantage of the probabilistic formulation is that

it does not impose any constant relationship between the

top-of-the-mixed-layer buoyancy flux and the surface

value. Instead, the entrainment velocity can evolve as a

function of time and in response to the environmental

profile. Another advantage of the probabilistic formu-

lation, which is discussed in a companion paper of this

study (Gentine et al. 2013), is that the entrainment ve-

locity and cloud-basemass flux can be described through

a single, complementary formulation.

This new probabilistic framework compares well with

large-eddy simulations in the cases of a convective

boundary layer capped with a weak inversion and with a

strong inversion. The model also compares well against

observations from the Atmospheric Radiation Measure-

ment Program (ARM). This new probabilistic formula-

tion allows for a dynamical response of the boundary

layer entrainment velocity coefficient (ratio of top to

surface buoyancy flux), which depends on surface

heating and on the environmental profile. The model,

called the probabilistic bulk coupled model (PBCM), is

relatively insensitive to the exact formulation of the

joint surface probability density function. The dry in-

version depth in fact adapts to changes in the surface

variance parameterization and regulates the dry con-

vective inhibition. The newdry boundary layer scheme is

consequently robust. The model is mostly sensitive to the

definition of the initial environmental profile and stabil-

ity, as well as to the lateral plume entrainment. PBCM

has analytical solutions and is therefore computationally

very efficient. In addition, no discretization is needed,

which allows for process-level studies and testing of var-

ious physical mechanisms and parameters.

The verification of the validity of the model in a dry

case is a necessary step toward its development to unify

TABLE 2. Sensitivity of PBCM variables to the main model

parameters at the end of the simulation.

Variable 1.5var(w) 1.5var(u) 1.5var(q) 1.5�

Dmax(zm) (%) 0 2 0.5 26

Dmax(u) (K) 20.01 0.033 20.027 20.077

Dmax(q) (%) 0 21 20.2 2

FIG. 11. Profiles of (left) potential temperature and (right) specific humidity at 2030 UTC 5 Jun

1997 for the ARM SGP site in Oklahoma.
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dry and shallow-cumulus-topped boundary layers within

a single framework. Indeed, the definition of the en-

trainment velocity as a mass flux permits a natural cou-

pling between the mixed-layer entrainment velocity and

the convective cloud mass flux, which is developed in

a companion paper.

The code of the model as well as the test cases used in

this publication can be downloaded on the first author’s

website at www.gentine.com or by sending an e-mail to

the first author.
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APPENDIX

Analytical Derivations

a. Conserved variables

Within the mixed layer the conserved variables can be

written analytically by integrating Eq. (2):

f0
u(z)5f0(0) exp(2�z) . (A1)

The updraft velocity can be integrated as well and yields

w2
u(z)5

[2 exp(2�z)2 2 exp(22c2�z)]u
0
y(0)gc1

�(2c22 1)uy
, (A2)

in which the second-order variations in virtual potential

temperature have been neglected u0y 5 u0 1 ugq0 with

g 5 0.622.

In the inversion layer, the conserved variables are

found by continuity on top of the mixed-layer zm:

f0
u(z)5Gf

z
m

�
z2 zm 2

1

�

�
1

exp[2�(z2 zm)]

�

3 [Gf
z
m
1 exp(2�zm)�f

0
u(0)] . (A3)

In the same way, the updraft vertical velocity is

FIG. 12. Sensitivity of (top) mixed-layer growth and (bottom) mixed-layer potential temperature. The continuous

line represents the reference run, and the dashed line represents the response of the model with a 1 K km21 lapse-

rate increase in potential temperature. (left) Absolute response and (right) percentage response.
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. (A4)

b. Entrainment velocity at the boundary layer top

The entrainment velocity is found analytically by

computing the mean expected vertical velocity of the

updrafts, according to their Gaussian pdf. The solution

to the integral is

we 5
1

4
exp

 
2
1

4

B2

A2s2
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BesselK
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1
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4
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with

A5
2c1g

uy(2c2 2 1)�
(e2�h 2 e22c

2
�h) and (A6)
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