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Frontispiece

Cumulus convection over Anaco, Venezuela at 1600 hrs (local
time) on 17th August 1969. The cloud dominating the picture has
nearly reached its maximum height, and later completely evaporates.
Cloud base is at 855mb (1250m above the ground), and cloud top is at
650mb (3600m).




ABSTRACT

This thesis discusses the transports of sensible heat and water vapour
by ordinary convection in a field of non~-precipitating cumulus clow’s. The
stratification and tirne development of the convective boundary layer during
dry and moist convection are investigated theoretically. A model 18 proposed
which distinguighes for budget purposes 2 layers: the sub-cloud layer, and
an ypper and lower part of the cumulus Iayer. The model relates the cumulus
convection to the surface boundary conditions, the 'free’ atmosphere above
the curnulus layer, and the large scale vertical motion.

The significant aspects of the thesis are as follows:

) Formulae for the dilution of clouds by their environment show the
essential irreversibility of the vertical transports in non~preci-
pitating cumaulus convection, One signififcant consequence is that
the convection destabilises the layer it cecupies,

{2} A new conscrvative variable, 6L , related to potential temperature
and liquid water mixing ratic, pgreatly simplifies the understanding
of cloud parcel thermodynamics and cloud heat trangports, With
thia variable dry and wet convecticn become closely analogous,

{3) A mags transport model is uged to clarify the mechanism of
modification of the mean atmoaphere by the convection,

4) A model for the sub-cloud layer predicts from the surface fluxes
and the large scale vertical motion the aonrective mass flux into
the cumulus layer (o measure of the armount of active clowd),

(5) A lapse-rate model is developed by relating the mechanics and
thermodynamics of a typieal cloud fo the mean stratification,

80 as to predict the lapse rate characteristic of the curnulus

layer,

{6} The control of clend -base variations and lerge~scale vertical
motion on cumulus convection is made quantitative. For
example rise of cloud~base and large~geale subsidence are
found to have some closely similar quantitative effects:
both tend to supphress clouds.
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SYMBOL LIBT

Dasic Variables and symbols,

"t temperature

T, virtual temperature

Tw wet~-bulb temperature

8 potential temperature

6., virtual potential temperature

Oy wet-bulb potential temperature

Oy gaturation potential tempersture

By equivalent potential temperature

By, 'liquid-water' potential temperature : see text 3.2
r water vapour mixing ratio

Ty saturation mixing ratio

vy liquid water mixing ratio

£ air density

iV scalar wind velocity

v vector wind velocity

W vertical air velocity

¥y compensating vertical velocity in environment : see text 3.7
% height above surface

P pressure

t time

T 'lapse rate' : 50,/372 NOT -aT/az

Iy dry adiabatic lapse rate

Iy wet adiabatic lapse rate

o flx of £ Cp® : potential heat flux

Fa, flux of P cpaL : total heat flux : see text 3.5
F flxof oLr : L {water vapour flux)

F.p flux of pL{r+ry): L {total water flux)

@ areal cover of convective elements : see text 3.7
3 scale length for dilution or entrainment

E diintion or entrainment parameter

D kinetic energy dissipation parameter : see 5.2



k kinetic energy dissipation parameter : see 3,8

Cq surface © trangport coefficient
Cy surface r " "
Ch surface drag coefficient for neutral conditions

M parcel mass

g mass flux
I net radiative flux at surface
G ground storage of heat/unit area/unit time
Ve vegetative resistance to evaporation
v virtual mass coefficient
Ko entrainment constant see 2.2
a
a cloud radius in model A
b convective cell radius
gee 2.4
4 depth of convective cell
Constants
L latent heat of vaporisation of water
g specific heat of zir at constant pressure
e acceleration due to gravity
Operators
~ denotes horizontal areal average : e.g.

- denotes ( vertical average
{ other defined average

' denotes deviation from horizontal areal average

Subscripts and suffixes

¢ or{c} cloud variable e.g. 6., r , T,, T¢, W,
e or (¢} environment variable
r or (p} parcel variable
i dry convective element variable e.g. T,
o surface variable ¢.g. 6,, 1,
15 variables at levels g in dry layer : see 4.2
t t
b cloud-base variable 1
; variables at levels §2I in cumulus layver : see overleaf
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Diagram indicating layers and derived variables for cumulus model,
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Further derived varlables

ﬁ*sc‘ee
A5, 8 see 4.3 and 4.6
Ar , br see 4.4

rc1,Tcarespective parcel lapse rates for saturated ascent, and descent
with dilution
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CUMULUS CONVECTION

Chapter 1

Descripton of the problem

Convection in the atmosphere occurs on & variety of interacting
scales, Ludiam (1966) suggested a classification into 4 scales: small
scale including cumulus convection, intermediate scale, largs scale and
cumulonimbus convection, This thesis {8 concerned with the first: small
scale convection, and particularly with non-precipitating cumulus convection,

Cumulus convection transfers sensible and latent heat from the
earth's surface into the lower troposphere, Thus thise study of cumulus
convection is also a study of the heat transfers in the earth’'s boundary
layer (which is here defined as the layer extending from the earth's surface
to the top of the convective layer). Typically one sees scattered clouds of
a range of sizes, but those which reach the top of the layer have horizontal
dimensions comparable with its depth (a few km: see frontispiece). The
influence of circulations of larger scale is very apparent, whether on an
intermediate scale {for example over hills, or along a sea breeze front),
or on a synoptic scale., Large-scale ascent, which implies horizontal con-
vergence at low levels, promotes rapid deepening of the convection layer
and the development of cumulonimbus, while large~scale subsidence, and
low level divergence, inhibits growth of the convection layer {(and in the
extreme may prevent the {ormation of clouds),

Standing in this way between the very smail scale motions effecting
transports from the earth's surface (in the so-called constant flux layer),
and the intermediate or aynoptic-scale motion field, cumulus convection
presents many problems of the 'feed-back’ of one scale or another, In
this theeis four important questions will be considered.

1) How to relate the convection to the suxface boundary conditions,
{2) How to relate the convection {o the synoptic~scale field of
motion, particularly its mean vertical component,
(3) How to handle the water transports (of liquid and vapour),
and their role in cumulus convection,

{4) How to interrelate lapse-rate structure, and the mechanics
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and thermodynamics of a typical cloud,

The calculation of the surface heat fluxes is involved in question
(1), as these depend upon the transports in the convective layer,

The feed-back of the convective transports on the synoptic scale
motion field is a matter not considered here. This thesis is concerned
with developing a simple closed model of cumulue convection, which will
predict the convective heat transports, given the synoptic-acale (or any
larger scale) fields, and suitable surface boundary conditions (e.g. ocean
surface temperature over the sen: ‘and over lead net radiative flux, gronng
heat gtorage, and some parameter defining evaporation from the surface,

A number of simplifications will be made, of which the most
important are:

{a) Radistive transfers, except at the surace over land, are

omitted from the model, These are important for time-

scales longer than a day, but it is considered that they

can be added when the convective transports, particularly

of water vapour, are understood,

{b) There is no general congideration of momentum transfer.

Only a simple model of the mechanics of a convective

element subject to mixing is used; one which neglects

the effects of wind shear,

{a) The model is applicable only to the development of the

boundary layer in the absence of showers: it is assumed

that condensed water moves with the air. Some of the

concepis developed however are ggually relevant to cumuio-

nimbus convection.

Further , in the model it is assumed that individual clouds are
transient: they are agents for the transport of water but finally totally
evaporate, The model is thus not suited without further extension to the

description of the development of layer cloud.
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Quiline of the thesis

The model proposed distinguishea threc layers: the dry convective
layer below cloud-base, and an upper and lower part of the layer occupied by
cumulus, The shallow 'superadiabatic layer' above the surface and the
'transition layer' (see Ludlam, 1988) just below cloud-base will also be
digeusged, but in considering heat and water budgets, they will be regarded
as part of the sub-cloud ("dry') layer.

The boundaries of the layors (apart from thatat the surface) are
specified by height or pressure and vary with time. Accordingly the
equations expressing their heat and water economy arve complicated, but
it is convenient and physically realistic fo distinguish the convective trans-
ports in the dry and the cumulus layere, rather than to refer to fixed levels,

In chaper 2, some existing models of cumulus convection will be
surveyed in relation to the four guestions posed in 1.1, and to the model
studied in later chapters. The exposition has then been divided into three
chaplors,

In chapter 8 certain general questions are investigated concerning
the way irn which cumulus convection modifies the mean condition of the atmos-
phere. Equations arc established for the transports of sensible heat, water
vapour and liguid water in the cumulua layer, The significance of "entrain-
ment' (see 1,8) is considered, and » schematic model for the convective
trangport of heat in the cumulus layer, as a function of the input to the
tayer at cloud-base, is proposed,

In chapter 4 two similar models are developed which link the dry
layer (in the presence and absence of cumulus clouds) to the surface boundary
conditions, the large scale vertical motion, W , and the stratification sbove
the dry layer, Thesge three sets of boundary conditions determine the con-
vective mass, sensible heat and water vapour fluxes into the cumulus layer,
The feed-back of the clouds on the dry convective layer, and the control
on the clouds exerted by cloud-base variation, and W  will become clear,

In cha’ T §, this model of the boundary layer is closed by developing
a two-layer model for the cumulus layer. This incorporates the model of
chapter 8 and, tzaking as input the fluxes from the sub-cloud laver, predicts

the time development of the cumulus layer ag a function of ¥ , and the
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stratification above the cumulus layer, Most of the physics of the convection
process is incorporated into a lapse-rvate model (5. 2), while the remainder
of the chapter considers simply a budget for heat and water vapour.

In chapter 8 some observational evidence, meinly from one day of
convection over land, is analysed in the Hght of the model, The problems
presented by available data are appacent, but the ngreement between the

evidence and the implications of the model is considered encouraging,

Discussion of time-sesles

There are many interacting procesaes with various time-and-apace
acales involved in cumulus convection, as mentioned earlier, In the con-
ceptual division of the whole range into a few diatinet geales, a number of
conzenta such as 'cloud', 'environment', and 'entrainment’ arise, which
require some definition.

A visible cloud marks those parts of the cumulus circulation where
water has condensed in moist, initially ascending, air. This circulation
extends below cloud-base, and into the clear spaces between the clouds,
it is ugeful to distinguish between the clouds (the saturated regions con-
taining Hauid water) and what is often calied the environment {the unsatu-
rated regions between the clouds). This is useful becausc trensformations
hetwoen latent and sensible heat, associated with the phase changes of
water, cccur only in the saturated regions, In the environment, apart
from radistive cooling, potential tcmperature is conserved and the motion
is dry adiabatic., Horizontal temperature gradicnts are produced largely
by the latent heat release in the clouds and generate the kinetic energy of
both the cumulus circulation end of the motions on a smaller scale, which
mix or dilute the cioudy region with the surrounding uneaturated air of the
environment, This process of mixing of unsaturated air into the clouds
hag been called entrainment, and has long been known to be important
(Btommel, 1947). With entrainment, the potential tempersture of a rising
element of clouwd doparts from the wet adinbatic lapse rate, ond this has
far-reaching consequences, which are discussed in sections 3.4 to 2.7,

In order to quantify entrainment, it hag proved useful to define horizontally
averaged variables in the two regions: cloud and environment (for which

we shall use the subscripts ¢ and e). The relation of the environmental
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averages to the synoptic scale horizontal mean, including both cloud and
environment (here denoted by the symbol ~ e.g. § ) will be considered
in2.7.

This distinction between cloud and environment {s useful because
the life-oyvcele of each trangient cloud depends dircctly on the stratification
at that time. This iife—cysie modifies the stratification 2 little, buton a
timeacale long compared with the life-iime of an individual cloud {see
Table 1,3.1). This link between styatification and the life~cysle of 2
typleal cumulue cloud is discussed in 5.2 .

Some important timescales in cumulus convection are summarised
in Table 1.2,1. In the descending branch of a large s2ale circulation (see
Ludlam 18386), the timescale for the modification of the layer by the cumulus

clouds and the synoptic scale may be longer still: days rather than hours,

Table 1.3, 1

1C o Evoporation time of small cloud droplets < 10 s2coends
1{,}5- Intrainment or sub-cloud ccgle pixing 100-500 seconds
TIMEBCALZ
’IOB—~ Emall cloud lifetime 20minutes
INCREABING
! Modifj 4
EQ%" Fodification of layer several hours
Meso-scale
5 | Synoptic scale
¥ 17 > 1 day
Radiative cooling

The term 'convective element’ will be used hoth to desoribe a
single cloud or cloud tower and its motion field; and, in our bricf
discussion of the dry convective layer, a single thermal or plume and

its circulation,



2.1

15,

Chaptcr 2 Exigting Cumulus Models

Introduction
Existing approaches to the curnniug problem may be grouped into

four categoriesn:

(1) 1, 2 or 3D numerical models, including parcel models
(2) Linear perturbation models

(3) fteady~state cellular models

) Mass trangport models,

The first category are models of a convective element which relate
the internal properties of the eloment to the mean atmogphere, We shall
toke as an example Simpson et al (1985, 1989; model 8); a 1-D modsl
designed to relate the internal propertics of a cloud tower to the diameter
at cloud base, and a nearby sounding, This model is informative in dep-
aribing the rolo of mixing and the water phase change in the life of 2 gingle
convective element,

As an example of a perturbation model, we shall congider briefly
that of Kuo (1985: model K), which investigated the mavgingl stability
problem for a 2-1 linearised formulation of moist conveetion, This related
horizontal and vertical seales of motion, and determined a preferred ratio
for the arens of nscending and descending regions,

Apai (1987, 1983) hag developed a stendy-state cellular model which
attempts to interrelate a space-~fiiling Held of most officient heat-transporting
convective cells, the surfzec sensible hest flux, and the lapse vate in the
cumulug layeyr. This model undertakes two of the queations pogedin 1,1:
namely, to relate the convection to the surface heat fluxes, and to connect
lapge rate structure to the physics of a convective element. Hence we
shall examine this model in a little detnil. It faila in its main purpose,
pecausge it oversimplifies the hent trangports and the role of water in
cumulus convection, but it does indicate a relationship between horizontal
and vertical scales of motion. In the same context we zhall comment on
the warming of the environment and 'slice theory'.

The mass fransport models, which are most germane to this thesis,

will be considered in chapter 3.
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Numerical Models

The value of a numerical model of a gingle buoyant element is that
one ¢an parawetorise in some detail motions on a grualler geoale than the
mean motion of the element (rotions which may be regarded as turbulent
mixing or entrainment), Stommel (1947) first pointed out that the evapora-
tion of cloud waier, during dilution with unsaturated air frora the environment,
greatly reduces cloud buoyancy, Further consequonces of this dilution are
discussed in sections 3.4 and 2.5,

The 1-D model 8 is a development of Levine's spoerical vortex

model (1359), and parameterises dllution of a rising cloud parcel, mass M,

in the form
1 dM = 9 Kz
M dz 32 &

where a i8 the radius of the rising cioud. The parameter K2 has been chosen

so that

i

9 K2 0.2

a2
whizh is the value for the dilution obtained in lavoratory experiments on

starting plumes. In the latest model (1969) X2 is used in conjunction with
a virtual mass coefficient { v = 0.5, gee 2. 2. 2), which replaced a drag
coefficient used in earlier models.

Eq. 2.2.1 is used with an envirvonmental sounding, assumed to be
representative of the air entrained into the cloud, to deduce Z(Z)(m 6,-6¢ )
from tho temperature at cloud-base, and a value of 2, This radius a is
usually moasurced at the level where 2 tower emerges from g parent cloud,
and is assumed to be the samc at all heights, This is a conventional
entrainment calculation (Stommel: 1947).

The vertical velority of a cloud tower W, (Z) is determined by

v, avig = ilre - (9 ) W 2
d7 R 82 %) a

Given §(7), this equation is integrated from cloud-base to give the height
which the cloud fower reaches, The calculation is nol sensitive to the
asgumed vertical velocity at cloud-base. (1 + ¥ ) is a virtual mass term

incinded to represont the offect of the vertical gradient of the perturbation
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pregsure ficld which has beon omitted from 2,2, 2, This perturbation
proessure field exists to provide the horizontal accelerations of the
circulation, The last form is the drag on the cloud tower due fo entrain-
ment of mass from the environment, which is agsumed siationary.

Wifth the values given above for the two parametors K2, v,
the model predicts oloud top height and cloud internal properties quite
well,

In 2-1 ov 2-1) numerical models, the sct of quasi-Boussinesq
equations can be integ rated to explore tho time development of the strue-
ture of an element, but at present it remaing vital to include sub-guid-
scalo motions to obtain vealistie cloud intornel properties. Cur present
computer apacity is sufficient to handle a grid length of about 50m for
a cumulus model, but this is still too large to develop the ginall scale
'turbulent' motion ficld, which mixeg cloud and environment. Thug how
to parnmeterisc these turbulent motions remaing an impoytant problem;
their intonsity must be determined by coraparing the resulis of 2 mumerical
experiment with obsevvations, 3-D primitive equation models will be
needed to investigate the strusture of convection in shear, and these are
heing developed in this department (by M. J, Miller),

Nonctheless, the simple 1-D formulation of the mechanics and
thermodynamics of an element, which hag been obgervationaily tested by
Simpson and Wiggert (18589), will prove ugeful in modified form in later
chapters (3 and 5). Ag it stands, this model is degigned to prodict the
propertics of a cloud, given the stratification, but (in 5. 2} we shall uge
a model of this kind in the reverse senge; to relate lupse rate structure

to the propertics of a typical individunl curaulus cloud,

Model K {Kuo: Tellug 1965 17, 413)

This ig 2 2-D lineariged model: including turbulent transfers of
heat and momaenturn modelled by constant eddy coefficients. Kuo derivesn
eigen functions for ascending and descending regions, and deduces scales

for the motion,

1 g %:._1___ < 1.4
5% = o le forRs > 100

21
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where d ig the dopth of the layer
a  horizontal geale of ascending rogion
b~a hocizontnl scale of descending region
Rqo is a DRayleigh no in the descending region,
He obtained sinilar results both for the inarginal stability problem and
by using ¢ principle of maximam availabtle potential gnergy production,

If we define

o B azcending aren
b total arca
we obtain from 2.2.2
Ty=-Ts
o < Tw=+Te

with the limit of approxiinate equality being when k2 > 100

Equation 2.3.1 implice that the diameter of a model "oloud’ is
noraparable with the dopti: of the layer, a very reasonable and useful
result, whizh we shall see ig a characteristic of Asai’'s model algo. We
shall comment on thia in 2.5,

The relationship between fractional aren coverage and wet and
environwmentsl lapoc rates is open fo more criticiom, We shall exemine
itin 2.8 and 2,7, but find it not usoiul,

Model & (Agni: J. Meteor. Soc, Jap, 45, 28! and 48, Z07)

The reader muy refer to the original pupers for the details of the
mathematics, We wigh to digougs the nntuce of the solution, 2gai envisages
a gpacefilling array of simple collo each: congisting of an ascending region,

gurrounded by a descending region,

Fig. 2.4.1

Kommmm o gmama e M
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Symbols
Ascending region radius a

Descending annulus radius b-a

Depth of layer d
Surface Sensible heat flux Fg

Mean lapse rate in layer T {= 98/3Z not -3T/87)
Average vertical velocity in

ascending region <W>
Aversage potential temp. difference

between ascending and

descending regions <B86>

The model includes entrainment or mixing in both the horizontal and
vertical directions, and Asal obtaing steady state solutions for <> , <ao>
and T ag functions of the upward sensible heat flux carried by his model
cell. He envisages this heat flux being supplied at the bottom, as a surface
sensible heat flux, and removed at the top. This immediately raises diffi-
cuitles, as the potential temperature excess <AB> is supplied in
the modet by the condensation of water (which is immediately removed)
in the ascending region. Of the released heat of condensation, part is
advected upwards in the model to be removed at the top, while the remainder
warmas the whole cell steadily, There {8 no evaporation in his model, both
because the liquid water i8 immediately removed, and the environment, the
descending region, is mathematically treated as if it were always paturated.

These are major inadequacies in the handling of the heat and water
transports, which are equally true of model K, and which invalidate many
of the vonclusions of the two papers. We shall return to this question in
2.6, and indeed the whole of chapter 3 will be concerned with the profound
conseguences of the correct modelling of the heat and water transports
in non-precipitating cumulus convection,

However we shall examine model A mo re clogely, to bring out
its useful aspects, as well as those where it differs markedly from the

model to be developed in later chapters,
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We may envigage starting model A with a stably stratified atmosg-
phere, and turning on a surface sensible heat flux, Fg The horizontal and
vertical scales of motion which are established, are selected by requiring
that the upward sensible heat transport shall he 8 maximum, If this
maximum, determined by the given starting mean lapse rate, is lessg than
F@ , then the layer destabilises unti] the heat flux carried by the c¢ell (which
incresges as T decreases) is equal fo Fe .

Thus a steady state results, when F, determines all the other
variables d, a, band T .

The model is mathematically fully consistent, and manifestly
relates a, b, 4, T, Ty » and an optimum value of 4 <W><p8> ’
the sengible heat flux carried by the clouds. As such it is & useful steady
state model relating these variables, provided one accepis the assumptions
of saturated environment, and immediate fallout of water., (These alone
make it inadequate a8 a model of non-precipitating cumulus convection. ).
The model, like model K, ig useful in clarifying the constraints on the

seales of motion.

Congtraint on ratio of horizontal io vertical scale a/ d

Like model ¥, model A alpo concludes

28
BQ » ki m— =4 1
2 d

A8 A 18 a steady state model, the occurrence of the scales of motion in the
inertia term, 18 not involved in this golution. It is mixing which detexrmines
the optimum %/d, and not surprisingly this optimum is when horizontal and

vertical scales sre comparable, We may summarise the result:

Large #/d is inhibited by vertical exchange of horizontal momentum
Small 2/d is inhibited by horizontal exchange of vertical momentum
and by horizontal exchange of potential temperature

Agai has extended the mixing-length formulation of entrainment
to both horizontal and vertical motion. We may criticige this model,
becauge it makes no distinction between turbulent mixing in the cloud
region, which is known to be large , and in the subsiding air, where
turbulent mixing may be small. However in cloud the vertieal exchange
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coefficient may be larger than the horizontal one, which is another
agymiaglry working in the opposite direction, We conclude that though
the quantitetive accuracy of model A, and model K (which had isotropic
diffurion) is open to doubt, we should still cxpect clouds to have diameters
comparable with the depth of some layer, not necessarily the whole layer
occupied by the convection,

This is in accord with obgervation (Plank 1967), Ludlam (1966}
notes that cumulus and cumulonimbug towers tend to have diameters between
0.4 and 0,5 of the heights of their tops, which would indicate that their
diameter is perhapa more comparable with the depth over which they gain
upwar d momentum,

The validity of the otoaiy-etate model ag an approximation to the
life-cycle of a typical cumulus cloud is uncertain, However model K did
congider the amplifying problem, and concluded that the preferred horizontal
and vertical scales satisfied 2, 3.1, closely similar to 2,5, 1.

Warming of the 'Environment’ - Slice Theorxy,

Ratio of Agconding to descending freas:

The well-known 'slice theory' (Bjcrknes 1938) deals with the
warming of the environment by the subsidence of the stably atratificd air
between the clouds. This is n characteristic of all models which include
both ascending and descending regions, ond thus is an asgpect of models K,
and A,

A pimple derivation of this theory for 8 wet adiabatic model (i.e.

one without mixing) is as follows:

Define
g = O, = SN
d g a8
3t © 3t e

a -0
A
Let the areacoverage of cloud be a I//Ng/
of environment be 1-a / / $D
g ,
Fig, 2.6.1 :;:;, {azd., environment
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dg¢  doc _ dbe
dt 7 4t 4%
a6
= ﬁcy’# - -é"-g'e - ‘HCI‘e

If ¥ - o

aW,. + {’E—Gu)WB = 0

. Te
= W[, - 3% )

This is what has come to be known as the result of the 'slice theory'. The
warming of the environment 38,/0t produced by subsidence is a stabiliging

.
jo} fo R
[

influence: the cloud parcel will gain buoyancy only if

Attention has always been focussed in the past on this aspect of the warming
of the environment - that #t reduces the bnoyancy of an ascending cloud.
However we shall show later in chapter § that the area fraction of active
cloud may be only 1-2% Nonetheless the warming of the environment, and
therefore of the mean cumulus layer, by this subsidence. remains of vital
importance ( even though o« may be negligible in 2.6.1).

This agpect of the problem hag been ignored by Assl. As mentioned
in 2.4, only part of the latent heat released in model A by condensation in
the updraft iz removed from the top of layer- the rest warms the Whﬁlé layer
steadily. Now if the cumulus layer 18 warming steadily, then the continuation
of the convection depends on whether the sub-cloud layer is also warming at
least ag fagt. It is in this way that the comulug convection ia linked to the
surface sensible heat fluxes, not in the manner suggested by Asai, Asai
relates the surface heat flux to the upward sensible heat flux In the cumulus
clouds. However it ig precigely that part of the latent heat flux, liberated
as sensible heat in the cumulus layer, which ig not advected upwards, but
is associated with the warming of the cumulus layer, which relates the

cumulus layer to the surface sensible heat flux, which warrms the sub-cloud
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layer. This ig not a simple connection, and is the subject of chapter 4.
Moreover as alreacdy mentioned, the latent heat reabsorption
which occurs when liquid water is evaporated (as clouds decay), further
complicates the problem, and will be discussed in chapters 3 and 5. We
gshall find that non-precipitating cumulug convection ig a destabilising
process. In the absence of subsidence, the cumulus layer grows steadily
in depth, Thus the conclusion of Asai (1958) that deep cumulus convection
requires low level convergence will also prove invalid. It will also be necessary
to replace the model of iapse rate control in terma of 2 sensible heat flux {as
suggested by model A}. by one in terms of a sensible heat and liguid water
trangport (Bee 5. 2)

Ratio of apcending to descending areas: «

It will become clear in chapters 8 to 5 that the conatraints on cumulus
convection are more complex than maximising heat flux, growth rate of elements,
or available potentlal energy production, The convection must be linked to the
sub~cloud layer and the surface heat fluxes, and to large scale circulations,

V’e shall find that the aren of active cloud ie determined by these factors in

an infricate manner, rather than simply by the environmental tapse rate as
predicted by model K (Eg. 2.3.8) or model A (Irom which a similar relationship
may be extracted).
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Conclugion:

It will be clear from this chapter that we consider none of the cumulus
modelas A, K or § adequately angwers the four questiona posed in 1.1,

However, io later chapters, we ghall use

(n) a 1-I) formulation of the effects of mixing, similar to that of model A,

(b} the concept of a dominant cloud size related to the depth of the layer.
Models A and K suggest that there ig an optimurmn cloud gize for which
a/d ~1/2 . . In reality we observe a wide spectrum of cloudw
sizes, but we shall be able to make considersble progresas in modelling
the cumulus layer with only a single cloud size,

This thesis will not require 2 very detailed mode! of a convective
element, We shall be concerned first with developing equations and concepts
to understand the role of water in cumulug convection {chapter 8), and then
with the constraints on the structure of the cumuiug layer,and the convective
trangports. A simple 1-I model will enable us to determine convective fluxes,
lapse rates. layer depths, and area coverage of active cloud (in fact all the
restions posed by the models of this chapter) in terms of the gurface and

synoptic-scale boundary conditions.
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Chapter 3 Modification of the Atmosphere by Convection

Introduction

In this chapter we shall discuss the modification of the atmosphere
by cwmnulus convection. It i necessary to examine the role played by the
condensation and evaporation of water in some detail; and to this end, we
shall first develop the continuity and thermodynamic equations involving
potential temperature and water substance. Then we shall consider how
entrainment leads to a net downward total heat flux. An alternative descrip-
tion of the modification of the environment in terms of a mass flux model
is followed by a digcussion of lapse rate control, and the mass flux models
of Frager (1968), Pearce (1968) and Haman (1969). Finally we prescnt a
graphical deacription of cumulus convection for the special case of zero
mean vertical motion ( W = ¢ ). It will be found that the cumulus convection
is primarily related to the sub-cloud layer by a heat and mass flux through

cloud base. The digcussion of this link, and the water vapour flux through

‘ cloud-base, which connect the convection to the surface fluxes, is the subject

of chapter 4, The development of 2 more detailed model of the cumulus layer,
in which the variation of cloud base and cloud top are determined as functions,
not only of the surface variables, but also of 2 large scale vertical motion

field and the stratification above the cumulus Isyer, will be left to chapter 5.
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3.2 Congervative Variables in Convection
Dry Copvection
Dry potential temperature 6 is conserved if an unsaturated parcel
of air is displaced to a different pregsure. The corresponding extensive
guantity (proportional to total enthalpy)
j G Mi cp 8i = M'i Cp 61 * ME cp 92
is algo conserved if two ungsaturated parceis (mass FLE . Ma) of diifferent @
are mixed isobarically, If radiative and conductive trangfers, and the
variation of sp with temperature, are neglected, we may use ¢ a8 an
exact congervative variable for dry convection, {(2all, 1958),
D8 _
8.2.1 oL =0
Expanding the substantial derivative
36 . -
3zz2 T v LY =0
We ghall take deviations from a horizontal mean,
8§ =8 + 67
v=Vya+v
multiply by a mean density J'S (i} triple correlations with F will be neglected),
and agsume div }‘sjy_:* = O
to obtain
PS4 pT0 = - aiv(@TTY)
All horizontal fluxes of heat {and lator water) will be neglected, (though by
guitable choice of co-ordinate system, the mean horizontal advection could
be nombined with 33 /5t)
' 5§ i 5 e . e It
3.2.3 FP3T Pz 0 = -aiv(pWioT)

Wet Convection

In wet convoction the phase changes of water arc very important
sources and sinks of potential tempevature. Only the water vapour phase
chanve will be considered in thig thesis. Applying the first law of thermo-

dynamins to corresponding changes in a fixed mass of saturated air
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Consgervative Variables in Convecation

3.2.1

322

3.2.3

Dry Convection

Dry potential temperature 8 is conserved if an unsaturated parcel
of alr is displaced to a diffevent pressure. The corresponding extensive

quantity (proportional to total enthalpy)

15 }’ii c? %}; = I‘é,i cp 8,1 + }43 {:E} §2
is algo congserved if two unsaturated parcels (massg M 4 MB} of different ©
ave mixed isobarically, If radiative and conductive transfers, and the
variation of cp with temperature, are neglected, we may use ¢ as an

exact conservative vaviable for dry convection, (3all, 1956),

De
Dt
Expanding the substantial derivative

= 0

20
g%

We ghall take deviationg from a hovizontal mean,
+ 6!
+ ¥t

.95 = ¢

g =
Vv =

= ol

multiply by a mean density ﬁ {all triple correlations with F will be neglected),
and aggume div Y’ = O
to obtain

‘Fg—% + PTG = - aiv(BTEY)
A1l horizontal fluxes of heat (and lator water) will be neglected, (though by
guitable choice of co-ovdinate system, the mean horizontal advection could
be combined with 38 /5t)

e +~'€;.§g‘é = - v (BWE")

i
o d

Wet Convection

In wel convection the phase changes of water are very important
sources and sinks of potential temperature. Only the water vapour phase
chanre will be considered in this thesis, Applying the first law of thermo-

dynamics to corregponding changes in a fixed masgs of saturated air
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3.2.6

3.2.7

27.

cé’l‘+L€}rv—-§£m{}
it F

( r stands for water vapour mixing ratio)

- ; 88 a _ op
Ty definition cp Pl GP 7 AT
. 2. S
[ Cp 50+ T b =

As suostantial derivatives, we obfain

s

6., Dr
iy o — H
-+ TM 't = {x

i

i}
cp Dt

o

For the consorvation of water subsgtance

br ory, 0
Dt Toont

i

Hence from 3. 2. 4and 3. 2. 58

Do 0. Pr

‘Bt " THIE

Equivalent Potontial Tomperature:  °%

It has veen customary to extend 3. 2.4 to define a new variable, the
equivalent potential temperature, ©

=)

D9
D5 9 Dr _ 9 Mp e
°pBt * THBt T “pog Ot & ’::@cx,?;...
8. 18 conserved for a wet adiabatic change, but Zﬁi °y Op; only

approximately under igobaric mixing. This is clear from 3.2.7: if 2
parcels of different O, are mixed, the equivalent potential temperaturo

+
4

of the mixture is not the arithmetic mean unless both have initially the same

O/@E .
ratio T/8 ia & Runction of pressure only).

{In contrast isobaric mixing always congerves © , because the



3.2.8

28,

A second derived potential temperature- ﬁ*;g,___

An analogous variable, congservative to the same degree of approxi-

mation ag @ g+ can bhe defined from 8.2. 6

s

Dr
g Dry,
°» Tt L

+

<]

! @!., g @ @xp(-}%)
This new variadle, 0, , as yet unnamed, is also congerved under & wef
adiabatic change, provided the liguid water is carried along with the air.

We ghall use both the separnte varigbles 8, », r which may
be handled without approximation, and Sy,
that the single variable 68y (or ©1), or the variable pairs ( 6,9
(6:61 )
3.2.4, 8.2.5, 3.2 5 only 2 are independent.
any 2 of the variable pai~s ( 6, r ), ('a,rL ) (v )
formany twoof 0_, ©

iy L L ).
It will become clear in succeeding gections that the most useful

L}
It is important to realise
E';) or

re inadequate to describe cumulus convection. Of the 3 equations
Thug we have the choice of using
or in approximate

L {r ar

equations are thoge in 8. for 9,r )y and r,r&) and not equation 3. 2.4 or
8 2.7. Thug! fear that the concentration on the use of %EE(Q}? O,r ) ag the
varianle for handiing the waler in cumulus convection hag obacured our

understanding of the process.

Expansion of equations 3.2.4. 3 2.5, 8.2.6

If oquations 3.2. 4, 3.2 5, 3.2.6 are expanded in terms of horizontal

mean values, and deviations, and simplified by neglecting horizontal fluxes

[0 |
and the variation of g:%. , we obtain {analegous to the derivation of
323from3.21)
se (9B, gaB) | O [8F  gof) | L2 [z, ,_@...@_"")
P‘*’p(é““ * Waz) * T}L(at * 53) = T3% {f’“pw 6’) T 3% ("PLW T
TR YO L T i N DR N PPN 7y o ) 82 (§pi)
ﬁc?(é% + W Z) TPL(at + Wéz ).. 57 Lﬁag&i 5 + T3 pLA ry
ﬁé“g{r + £1) + PV (R + rL} = ~w§%«(ﬁi¥’r’ + P ri}



23,

The variatione of L and ¢y with T ha}rra been neglected, and B
is 2 hovizontal mean deunsity: triple corvelations with a perturbation density
have been neglected

In the noxt section we shall consider what ~an be loarned from thesc

equations.

The trangport equations

The situationz in which some of the terms in equations 3.2, 9,
3.2 10, and 3. 2. 1) are small, greatly further cur undorstanding of cumulus

conveetion.

Sensicle heal and liquid water trangport equation: 3.2.10

The condensation of ligquid water in the cumulus layer releases Iatent
heat. If the water is dropped out, or the layer steadily fills with cloud, then
the layer will also warm up, If however all the liquid water evaporates again,
then the latent heat is removed agnin, and the layer is only modified if the
regions of condensgation and evaporation do not coincide. In this thesis we
wish to congider non-procipitating, fully-evaporating clouds, so the question
of liguid water transport becomes irnportant. In a wide range of convective
gituationg, the accumulation of liquid water in the cumulus layer, (as the
acea coverage and depth of typical clouds increases) has a lenger time-ocale
than the processing of water through the system by the individual clouds.

We ghall find that because there is on upward liquid water transport (3. 5),
the clouds though transient, modify the mean atmospheric temperature, 8 .
Yet the mean liquid water in the cumulus layerx rmay be constant, or changing

only siowly. GSpecifieally, there are a wide rangc of circumsiances, when

@t

g L org d

f
|
|
A
A
|

+3
[

o7
Co
o+

~—

An example of a system in which T

in being coutinuously modified by the convection, is the trade cumulus

may be esscntially constant, while &

layer. The timescale comparison ig easentially one between cloud life-

time, and the doubling time for total cloud liquid wate+ in the layer, so that

GrL

eveon fordiurnal convection, the neglect of 3T

is a good first

approximation,
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£ secound widely valid simplification to 3. 2. 10 is to neglect

ar, =
Lo &

gL _
37 37

T °n
This is a Food approximaeation when the clouds cover a small fractionsal
horizontal aresa.

It will %o pogsicle in principle to uge the model retvospectively to
test the validiiy of these approximations., This neplect of mesan liquid water
variations in the cuwmnulug layer. (sut not liguid watcer trangports) is not
esgontial to this cumulus model, mervely a helpful simplication with a wide
range of validity.

With thesc 2 approximations, 3. 2,10 becomes

= 5_'{-3\‘_ it "'.‘%:é‘_ - _,,.i?.m“ Tigryy 2 2 '
Bog 55+ Pop¥E = e W) + & S(EL )

This is closely analogous to 3. 2. 3 for dry convection, but containg
an extre term, the divergence of the vertical liquid water flux as well as that

of the sensible heat flux,

The analogry with dry convection becomes clogser if we use the
variatle SL _ The nezglect of

égi’;s << B

is also the approximation T

—~r

¢ = y L

Eq. 3.2, § may be used to replace the R H 8. of 3.3.1 by a trangport of 8,

Q!

ne

<

&2

] Y 3w oo
RS R (AR INES

As mentioned in 3, 2, thig can only be an approximate relationship
as the ratio g /eL differs for cloud and environment, so that 6, i8 not
gtrictly congerved. An average factor ( WE} ), which ig not well defined,
has been included o indicate thig. Fortunately however, the inaccuracy of
the approximation iz only a few percent, cven if the factor ( W} is

omitted altogethor
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The clond-environraent circulation is the agent foy these trangports,

and we know Toth from simple dynamical models, and from observation, that

in the clouds e Lm
W't << —C—L
B

{typically 0. £Cand 2. 8C respectively in small cumulus). However &  and re
are also closely correlated in small cumulug (see for examplo: Telford and
Warner, 1982}, so it follows that there oxist situations when
CREE ﬁcja;W'

In general the last tevm in 3,3.1 is_(sp alwaye dominant,

It represents the source of gongible heat from the net liguid water
condensation in a horizontal slice of the atmosphere, Only part of this
released latent heat is advected upwarde as a songible heat flux W‘ .
while the warming of the mean layer T completes the heat balance, Thae
fuil mechanig=y of thig process will be examined in the next few sections
(3.4t0 3.7}, Eowever, it seems clear from these figures that, unlike dry
convection {eq. 3 2.2) where the warming of the layer is related to the
diverzonce of sengible heat flux- in cumulus convection, the warming of the
layer has the sipn of the diverpence of the ligquid water flux. This is important,
as the upward advgetion of liguid water oy the clouds (see 3. 5) is a truly latent
(i.e. hidden) heat flux., This redistribution of heat by the liguid water dominates
over the sensible heat transfor, whilo only the latter ig agsociated with the
kinetic energy generation,

Only at cloud-base where et o= 0 , in the sensi»le heat flux of

L
major gignificance, but the discussion of itg magnitude will te left to chapter 4,

Taotal Water trangport eguation

It will algo be a2 useful approximation to simplify 3. 2.11 by neglecting

the variations in the mean liquid water content of the layer: assuming

(3 hd a P d
3t Ty Y 3Tt
é boud (} -~
— << —_ 1%
3% 'L 0% if eloud cover is amall,
Then
y.] 13..;_'. = U ...@w - _...?m 1t AV e A
P 5Tt P Y (BW'e « W rL)
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Thig aimplification is useful, because again, although the cumulus
ave continually putting water vapour into the layer they occupy, thig process
has typically a shorter time-geale than the time-geale of total ligquid water
increase.

In3,3.1{or 3.3.2), and 3.2.3 we have 2 equations for the change
in mean potential temperyature, and water vapour mixing ratio of the cumulus
layer in terms of the transporis oy the clouds., Doth thesc changes are

comparacle, so it follows that eq. 3. 2.9 cannot uscfully be simplified.

3.4 Parcel Lapse Ratens for wet ascent and descent

Before the vevtical liquid water transport in the cumulug layer can
be discussed it i necessary to congider parcel iapse rates for gaturated
motion.

The wet adisbatic lapse rate for the ascent or descent of an isolated
saturated air mags in pressure equilibrium with its surrcundings is well
known. The non-precipitating cumulus layer is only a few km, deep, so
the diatinction vetween ntrictly reversible and pseudo-wet adiabatic procesaes
ig not impovtant.

It is also well known that dilution ("mixing™) with an unsaturated
environment evaporates cloud water, and that thig process is important in
ordinary cumulus convection. One major, and perhaps poorly appreciated,
factor is that dilution introduces an agymmetry between saturated ascent and
descent. Dilution or entrainment can be paramcteriged, in a8 manner gimilar
to that of Stommel (1947), in tevms of the rate of dilution { dM/dZ Yof a
gaturated cloud parcel (of mass ¥, temperature T ¢ and gatoration mixging
ratio rs(‘i’é’c} ) oy the unsaturated envivonment {7 _, r_ ). Tc (equals 890/32)

is the resultant cloud parcel lapse rate,

The extengive quantity corresponding to eq. 3. 2.4, which is conserved
P . & .
in iso2aric mixing, as well as vertical displacement, is E (Miep@i) T Z(Mimri}
i i

In differential form, dilution may therefore be expresgsed

. Lo 4 _aM/,  Le
83.4.1 170000 + T apire) = et oy rg)




a3,
where r_ (w r (% C}) and r, are wator vapour mixing ratios for cloud

and environment respectively.

: do¢ . 18 drg _ _1 d . Lo,
R T 7 o,T a2~ ¥ az (B = Oe) + CpT(rC ry)

Yow it follows [rom the definition of T, , that

e 18 dre L
77 ¢ opT az = ~EUw - T
321"51?83

where X = ¥
epRy{Te)®

and R, is the gas constant for water vapour.

. dM L
3.4.2 . R ((ae - 8e) + 5%(“‘ - r»e))

Thig is the familiar entrainment relationship (see Hess, 1959). The factor 9 /T
ariges from our definitionof 1.1y as as/q4v . The numerical
factor K ig the ratio of the so—called saturation apecific heat of air to the

dry gpecific hoat at congtant pressure: o Thesc gpecific heats differ,

p -
bogause to chanee the temperature of & gaturated air mass it is also

anecespary to cvaporate or condense water, ag  r {T) changes.

The cloud parcel Iapsc rate differs from the wet adiabatic lapse
rate, if voth
(a) 6. # 0. , ov the environment is unaaturated
(™) there is dilution, or entrainment, here parameterised by ay/dz .,

LI

I ‘
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Simplifiention of 3.4, 2

It is posgible to make an approximation to 3, 4. 2 which contains only

the properties of the environment., Typically
8{3 i ee < ’Ea

when K(T_ ) = K{(Ty)
Further ro = v (T.) = v (T,) « (K- ﬂ)g—-(@cwﬂe)
Lo Lo
] gg{rcnre)@iﬁcwae) T (rg(Ty) - re)
*® K = Ef + {gc- ae)
49

In most circumstances it is a good fi- st approxiraation to neglect

Lo

et (r (T.)~1,)

ko

86“88 <<

{ <1° ~ b

That ig, the subsaturation of the environmoent matters more than the temperature

difference between cloud and clear air represented by 6 ,~0p In 3.4.2.

A gcale length for dilution: 3

It is convenient to write the fractional vate of dilution of cloud mass
in terms of a scale length for the entrainmeni. Ascent and descent are dis~
tinguished in 3.4. 2, because with 2 positive upwards, - S  ghaoges

¥ 3z
gign,

ASCENT 1.1

DESCENT 1+ -

5 is some characteristic of cumulus convection, a length (numerically
positive) about which wo know litle It may differ for ascent or descont, but

only some groge average value will be used here, We ghall further express S
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in termg of the depth of the convective layer in 5, 2, when it will secome

posgiile to determine values for § (~few km) ., % g?;f; or = I8
“ & [

intended to symbolise a rate of dilution, or entrainment. It ig this that
determines the internal teraperature of the cloud. It docs not necessarily
follow that the ascendiny cloud mass increnses at this same rate: therc may
be a 2-way mixing process involving the loss of cloudy air to the environment,
The tacit assumption, that has always been made in entrainment calculations,
i thai the envirvonmoental air, with which the cloud is diluted, has not been
modified significantly by the cloud now ascending through it. Thig ig not
obvioug, but more detailed study of the sub-cloud seale transports are
necesgary before & better model can be suggoested. It will be neceossary in
thig thesis to use the simple formulation above (3.4, 4 and 3. 4. 5), and obtain
suitavle values for £ in terms of the lsyer depth by comparison with

obgervation. (see 5.2 and §_3),

Parcel Lapse rates for saturated ascent and degcent with entrainment

Using approximation 3.4,38 and equations 3. 4.4 and 3.4. 5, one obtaing
the pair of equations

8 R
3.4.6 ASCENT Teq =ly - T
3.4.7 DESCENT T =7 4+ 2R
e ¢z T w ¥ TXE
where R = %- (%(Te} ~-r e) ig & measure of the ungaturation
of the environment
5 is a scale length for dilution or entrainment

The asymmetry is clear. On ascent water is condensed at a rate
proportional to T, but some is evaporated again- while on descent both
the entrainment and the descent are working in the same senge, to evaporate

liquid water, and reduce 6 .
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One may express 2. 4. 2 in terms of 6 1 hy noting the exact relation

” 5{} i
Iy — ‘g e }Eﬁ
3.4.8 \az i = - (T =T
(883,;’ . .
where \5% ) i the change of 8}”«3 with z following a saturated cloud
¢

parcel which is being diluted.

Using an approximate avecage value of (65/T) (see 3. 2), one can write:
3.4.9 ?T-i“) |:--Ii (rg(Te) =Py + (B, ~T,)] = 6. (cloud) - oy {environment)
T Gp . c @ E E

Then, from 3.4.2, 3.4.4, 3.4.5, 3.4.§,

(36 Brlc) ~aple)
et X - E E
3: ‘1. 18 \ az )c P e S
for agcent and descent respectively. The approximation is the neglect of the

difference between 8E/T in the cloud and in the eavironmeunt. This is a

simple dilution relationship for an {(approximately) conserved variable,

The g; analorue of 3. 4. 10 may He derived by considering the
dilution of a rloud parcel by the environment, in the light of conservation

relation 3.2. &

d . Lo 4 _am
3z Mo - cpT 3z (M) = g3 %
. doée  Le dry 1 8 _ _ 1o
3.4.11 .. EE AN T i 5719~ 0e) e T 'L

Once again, if we neglect horizontal variations of 81:}'? , we obtain

- i?{ﬁ (e) - 91,{6‘}}

W
t

o1,
3.4.12 {.a_,

& dilution relation for an (approximately) conserved variable, The suffix L

on eL(e) is redundant as

81;(8) = Ge

=3 {cee 3.7)
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It is the sbsence of liquid water in the environment that makes 6; such a
useful variable, The use of 9 » involven the passive transport of water
vapour, and the water vapour stratification. If we use 8y , we conside.
only the water vapou that condenses, and theroby significantly sffects the

motion, and the modification of the temperature structure of the cumulusg

luyer,
Suogtitating from 3.4. 4 and 3. 4. 5. one obtains
{06 . B8p.(e) =8y(e)
3.4.13 %%L}C = = .

for agcent and degcent respectively. Thig is a very useful relationship as
it enables one to show that the flux of &; , and thorefore the total heat flux,
is downwards (gee 3.5). We shall also use it in 3.6 and 5. 2 to discugs lapse

rate gtructure,

If we drop the suffix 1. from 2.4, 18 we obtain

3.4. 04

5% | s+ 5

d

(gg\ - 6{d)-6(e)

This is the dilution relation for dry convection, where (d) indicates a dry
parcel .

Thus our troatmend of wet convection in ferms of 8L tranaport
(Egs. 3.3.2 and 3.4.13), is equally applicacle to dry convection, where 9 =87,
(Eqs 3.2 3 and 3.4.14). Only the boundary conditiona at the top and bottom
of the convective layers are different. The gimilarities in lapse rate
structure between dry and cumutus layers will become apparent In 3.8.

In the next section we shall ghow that the conseguence of 3, 4,13 is
a downward total heat transport in the cumulusg layer.
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3.5 Irreversgibility of (total heat trangport in the cumulus layer
(liguid water frangport

It has been shown in 3. 4 that dilution, or enirainment, leads fo an
agyrametey Getween the thermodynarics of upwasd and downward motion,
One consequenne is that the parcel lapse rale (g—g—}c for gaturated descent is
rreater than that for gaturated ascent when entrainment of ungaturated alr
ig taking place. Thore are further general conseguences of dilution, which
determine the divection of the total heat trangport, and the Hquid water
frangpo-t, in the cumulus laver.

The general golution ig most easily found in terms of 0, ., Pulting

aple) = ¢, in3.4.13, and subtracting 36 ,/9%
> an g =~ 6:(c) -0
,‘;;_L) 3 (Me) . . 8 7 0p(c)-0e
3.5.1 (az ; Y = T3y 7 g

for ascent and descent respectively,
The asolution of thesc linear differential equations is straightforward.

For constant 5 |, 36,797, we obtain

ASCENT Zy < D < Eg
~(2~Zp)/5 _ 08ef, _ ~{%-2Zp)/S
(61,(823-89)2 = {81;{*:)*8@)2 e ) (‘l e )
DESCENT
a4 < Zg

i

(6pe) -0,y e (B1TENE L By a'(Zq-Z)/S)

(6L(c}wﬁe)z 3%

-

The detailed solutions are not iviportant. We necd only to gketch

6} = SL(C} - 8, twhich is &asenﬁal{%g% }'iiainst Z , to see that
at any height, %y has alarge~ negative vafue on way up thaa on the way
down {sece Fimure 3 5.1} 4

The total heat flux (WW ) throurh any level depends also on
the gpocification of the total cloud mags flux through that level, This we
do not vet know. YHowever the rate of dilution sets an upper bound to the
rate of increase of mass flux. If one assumes there is no loss of cloudy

air from a cloud, only entrainment into it, one may rewrite 3.5.1 a8

1

d 28e
3.5.2 Qz(mf %} S SY)



39.

where fis the cloud mass flux through any level.

for agscent and descent

. 4 dmr
- mf dz
with difution

Gince myis steadily ineveaging, it ig clear that on degeent -~myp 30,/07 8

1
i —
5 respoctively.

greater negative, than on ascent throuszh the same level, Ve can thug sketch
the curve of the flux of 8?{: (ee Fir.3.5.1), Even in this limiting case, the
net flux of o) which ig the total heat flux, (scnsiple plus liquid water flux}) is
downwards. This is true for every cloud, and therefore must be true for the
whole population,

If cloudy air ig loft behind (i.¢. 'detrained'), so that the cloud mass
flux increages leae quickly than the dilution, this can only deocrease the mass
flux descending throurh any level, whicl doeg not affect our conclusion,

We conclude that the total net heat transport (e, W 'ai )y by the clouds
is downwards at all levols, provided only that the liquid water is carried along

with the air,

-
-~
> 01

DERCENT

ASCENT ASCENT

2y 1 Zh

. B 3
8> torar  Cpti 8 —> KET ToTaL £eW'o; —>
BEAT FLUY HEAT FLUX

At cloud basge 6]3 {=6"') is nogative (see 3, 8 and chapter 4). The
diagrams then follow immediately because the slopo of ri@i/dz » dlmgdyf )/dz

are greater nogative on descent than ageent, because of dilution,

As mentioned eartier the diagrams for liguid water transport are
schematically identical, but with sign reversed. Subsgtitufing 3.4.4, 3.4.5 2.
in 3.4.11, we obtain

L6 dry,

LL o= T,

o

- L&
/!’2 + ({GC_E}Q) - CPT rL

H N
LIt -
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for ascent and descent respectively. This is no more than 3.5.1 re-expanded,
and shows even greater asymmetry in i—ZL for ascent and descent, than in
dE)I'J/dZ : since T, , 1_., differ (see 3.4.8, 3.4.7) if the environment is
nowhere saturated. Thus in the absence of shelf-cloud ( gﬁgen ), which we
shall not consider in this thesis, all the liquid water is evaporated on descent
before (—Ji reaches zero. The last part of the descent in Fig, 3.5,1 is there-
fore dry, ending in potential temperature equilibrium with the environment.
We shall integrate 3.5.1 for a simple 2-layer structure in 5.2, as
a way of incorporating the dilution of a parcel during ascent and descent

into a lapse rate model,

Dry Convection

The dry convection problem is essentially similar, except that the
surface boundary condition is a positive heat flux. This varies with height

as specified by 3. 5.2 and is sketched in Fig.3.5.2.

Fig. 3.5.2
7z
i) 0
\ STABLE LAYEIR /
[
\\_ !
\l NEARLY
\ DRY ADIABATIC
f\ LAYER
\
| f
GROUND
0'—> W —

We shall return to these diagrams in 3, 8.
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It was shown in the last section that the essential consequence of
2 net upward liquid water flux, Averaging over the lifecyocle of many clouds,
water is condensed in the lower part of the cumulus layer, advected upwards,
and evaporated in the upper part of the layer. Latent heat is relesged in

pracess of great importance, as it is the mechanism by which the cumulus

Putting the large scele vertical motion field -0 in3.3.2

3.8 Destabiliging Nature of Cumulus Convection
entrainment into individual clouds is a net downward total heat flux, and
the lower pnrt and resbsorbed at a higher level, This is o destabilising
Inyer can grow in depth in the abgence of subsidence,

3.8.1

o 98 (8 3 a. iy
£Cop FE = ’\eL} A A AT

Ve have sketched the form of Wz in Fig, 3.5.1. R is clear that
A

iy
[8
D
A

x|

=Y
13

MEGATIVE

™
Q
ot

POSITIVE

s

"

i)

s

A%
i
=378

¥ig. 3.6 — ,_:b
L

Non-precipitating cumulug convection is & destabilising process (18 of course
is dry convection; see Fig.2.5.2). Even without Inrpge scale vertical motion,
the curmuius layer will modify the vertical structure of the mean atmosphere,
and deepen until the onget of precipitation introduces further factors (which
accelerate the process). It will be remerbered that Asai (1988) did not come
to this conelusion, simply because his model did not evaporate any liguid
water in the upper part of the layer (see 2.4 and 2. 6).

The influence of large scale vertical motion (W) iz complicated,
and will be discussed in chapters 4 and 5. "

We have established from the continuity equation for heat in the
curnulug layer, and a semiguantitative discussion of the cloud heat fluxes,
how the mean potential temperature in the cumules layer is modified, However

the mechanism has not been discussed, zlthough 3.5. 2 indicates o connection
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with the environmental stratification. In the next section, we shall show

that it is the mean vertical motion of the stably stratified environment,

which alters the local potential temperature of the cumulus layer,

Mechanism for modifying the menn atmosphere: a mass flux model

In this section we shal! discuss how the potential temperature
structure of the cumulus layer is modified by compensating motions in the
environment, The frequently used concept of cloud and environment was
introduced in 1.3, It is a useful concepi, oa the timescale of modification
of the mean stratification is longer than the lifetime of an individual cloud.
Hence to good approximation one can calculate ithe lfe-grele of a single
transient cumulus cloud, assuming the stratification to be constant, None-
theless each cloud slightly changes the stratification or environment for the
next cloud. As far as the potential temperature distribution is concerned
thig is not a process which requires thorough mixing of cloud and environment,

This model can be madc precise by isolating a singie cloud's life-
oycle, The idealised starting condition is a finite isolated region of atmosphere,
enclosed by rigid vertical boundaries, at rest, and with a given stratification,
A single 2loud iz allowed to pass through ifs entire life~cycle. In the cloud,
which shall occupy only part of thig isolated region, the potentiz! temperature
of air parecels is modified, by condensation and evaporation processes, from
the horizontal mean § . Thie modificd cloudy air rises, and ther sinks, while
in the rest of the layer, the environmeut, there are compensating vertical
motions, After the cloud has completely evaporated, and the entire system
come to hydrostatic equiliorium agein, one can measure the vertical dis-
placerent of environment awny from the cloud, where parcels of air have
congerved potential temperature,

For an environmental parcel:

oo (), 00 - ()
Cgéf}m(aztﬁ'&«b atﬁét

H &t > 1 , the lifetime of the cloud, then 6’ is the final displacement
of the environment produced by the cloud. It is now simple to calculate an
average vertical velocity of the environment, appropriate to the area density

of clouds in thc real atrmosphere. Svppose there are N such clouds in time
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Relation betwoon environment and mean atmosphere

6 = (1-a)8, + aBg where o is the mean area coverage
of cloud at a level,
3.7.‘3: . ¢} = A
’ Oe vk where ¢ = 6, - B
56 35 3 e ©
ab _ d6e e
. 3t © Gt pah)
From3.7.3, 8.7.4 ‘
a8 (5‘5 2
TSt = - @ W {5E - e

It the area coverage of ei(md is small, then both of the terms in (o @) arc
negligible, The second terr on the left hand side represents an increasod
gtorage of heat in the clouds; we have already neglected a gimilar (but
larger) term for the increase of liguid waoter storage (in 3,3), so wce shall
neglect ('zﬁ’ 3 here, Equally, in the abacnee of extengive layer cloud therc
will be no regions wherg g“g(a @) ig significant.

Hence one obtains to rood approximation:

i

Y

3.7.5 - (W = Hi}) az

;"I

(o]
s

Thus If the area coverapn of clouds is sizll, one may uge the
stratification and time rate of change of onvirvonment and moan atmosphere
interchrngreably, It is the mean verticsl velocity of the environment, howcever,
that iz respongible for changing the potential tempersture structure of the

layor,

[ﬂmi‘ﬁ diScussion {f’ "dekminment ’ {f Clrd wa%e;v]
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Lapse Baote Coutrol and Structure

Before synthesising sectiong®, 4 to 3.7, we shall conaider the problem
of the Iapsne rates in the convective layer, This is a natural devolopment from
the model of 8, 7. There it was shown that the life-cyele of a convective element
modifies the stratification, Conversely this lifo-cyele is determined by the
stratification, As the convoction procoedn, it geoms logical to expest the
development of o stratification characteristic of ¢ither dry or cumulus con-
vaction. This is obscrved (Ludlam, 1888}, The iden that there is a cloge
connection botween the life-cycle of an individual cloud and the stratifieation
will be usod in 5. 2 to develop o closed model for tho lapse rate structure of
the cumulug layer. In this section, a few general topics will be discussed,
and the structure of the dry and cumulus convective layers will be compared.

1t would have been morelogical to dovolop a completc model for dry
convection before considering cumulun convection, as it is ncecssary to model
the dry layer, in order to link the cumulus convection to the ground, Howover,
as the author has chosen to investigate cumulus convection, the dry layer will
be dealt with more briefly, We shall first examine the structure of the dry
conveetive layer, and then contragt it with that of the cumulus layer, The
gimilaritics will be apparent (indoed the lnpse roafe model of 5, 2 could be
adaptad to determine 2 Z-layer structuzc for the dry convoetive laver above
the superadiabatic layer), but only the model for the curmulus layer will boe

fally justified in this thepis.

Dry Convaoctive Laycr

Therc hag becn little work on the problem of the characteriptic
stratifieation of this layer. In tho so-enlled constant flux layer close to the
surface, there is a down gradient heat transfer by turbulence, locally
gonorated by shear and horizontal termperaiure gradients. Above this surface
superadiabsatic layer, there ia 2 iargely buoyant transfer of heat upwards
against a stable potential temperature gradient { 38 /07  posgitive).

This dry convective layer warms and its stratification is maintained,

The mass flux modcl of 3,7 is uscful in understanding thic process,

Becnuse of the difference in timoescale between the lifetime of a convective

eloment and the modification of the stratification, one can again consider the
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isolated ascent of 2 single buoyant clement through an environment initially
uniform and at rest, The buoyant element rises; the environment sinks in
compensation conserving potential termperature., Agzin onc can degeribe
the proceas by 2n equation

LI 36
at 7 B ad
ng the same approximations are valid { ¢ ~ 0,1: secg later).

3.8.1 - # = o)

As the stratification is stable, the mean temperature of the layer
rises, while the rising elerent lopes buoyancey, and comes to rest, Tae
warming of the layer does not requive thorough mixing of the convective
element and the environment,

The precise details of the process are now included in the computation

of W but we shall estimate o congistont set of numericzl values for the

relevznt variables based on the surface heat flux, and the potential temporature

excees of an element displaced upwards from the supcradisbatic layer,
Turbulent mixing occurs in the subeloud layer as well 23 in the cumulua

layer, but as there is no evaporation of water, its effects are mumcrically

sraaller, and ingially it will be omitted.

Two gimple equations relate the aurface heat flux to the paramoters

of a typical conveetive element, at o height of say 100m above the surface:

;' ) " ¥ i *
3.8,2 EGE} _p(‘panf ¢

where 1""0B is the surfoce heat flux
o " 7 Fraetional aren coverage of rising convective elemoents

Wwr 7" atypical vertical velocity of n rising convective cloment

1

g+ v " potential temp, oxcess of a rising convocetive element

ot
3 “
Numerical conctonts have been omitted, Henoe onc obtains a set of numbers,

2.8.3 WiT oy g

in agcord with obgervation for 2 height of 100m ,

-
From Ez}{-}/ﬁcp = 10 °C em s
¢ = 1 o
we dedune -
e = 100U omo®
A (22 = 1/10
‘7 3.8.4 Since )
oW = = {1 =a)¥,
. -
W w =0 Ch, 03

i
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This reprepentative set of numbers can be completed by supposing: that the

dry convective layer bags depth
‘{:L = 1 km

Fo] H

that all the surfzce heat flux soes to warming this layer; that there is no

38 23§ . .
ather hent flux inio this layer; and that %%— . %-?7 are independent of height,
£
Then
F a8
e = 2=
3.8.5 _OC}«, T 8% T
P - - "
:‘f;iv = 07 g s mA0°C day
From %,8.1 A -
35 B "ﬁfg} ok
~ 107 °C c:rﬁ“1 = 1°C ls:;rz-1

Thus the typical steatification in the dry convective layer, deduced from this
simple consideration is  +1°C km_?: in agreement with observation (¢. g,
Grant, 1965 VWarner and Telford, 1257).
Combining 2.8.1, 3.8,.2, 3.3.4, 2.0.E, one obtains
2.8.8 L. a-wf
Yie pee the temperature difference betwoeen top and bottom of the layver is not

quitc o' . The region is warming up as the buoyant elements rige, so that,
with the stratification given by 7, 8.8, the rising clements have jast lost their
buoyancy on reaching the beight 7. This is 2 model without mixing (sce
later), but it clearly illustrates, how air is cycled through the system, and

the stratification is maintzined ag the layer warms up. (Fig. 3.8.1).

g e 12
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Fig. 2.8.1

Thoe firm: line is the strotification when 2 convecotive element starts
ita ascent, tho dashed line the stratification when it reaches the tap of the

layer, and the dotted line tho stratification when the same air, after a much
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longer time, has subsided with the environment back to near ground level,

Cne further point about 3,8.3 is that it is really

0B o o'
5, = G a){ T, + Zsl

but Ip , the dry parcel lapse rate in zero in the absence of mixing.

The model prasented avove is overgirplified in two important

respects
() There ig no dilution or mixing of ascending buoyant elements
%) The heat flux everywherc in the layer ig upwards. This means

a kinetic energy generation at all levels, the dissipation of which
we have not conpidered., Doll (1360) showed that there will be

a downward sensible heat flux at the top of the layer, wherc most
of the kinetic encrgy, generated in the lower part of the layer,

ig reconverted to poiential energy. In other terms, the con-

vective elements overshoot their first level of no buoyancy,

By considering these factors and the obeerved temperature structure

we can qualitatively extend the modol.

Graphical Tascription of Dry Convection

The oboerved temperature structure of the dry convective layer (see
for example Grant (1965); Warner and Tciford (1967), and chapter 8) is
shown in Fig. 3.8, 2, together with the path of a typical parcel ricing with
mixinz from the superadiabatic layer Fige. 3.8.2, and 3, 8,3 for the heat
flux, together give a gelf--congistent picture of dry convection, (see Fig.3.5.2).

The surface superadiabatic laycer is dominated by mechanical stirring,
and there is 2 down gradient tranasfer of icat. Convective elements rise from
this layer, and being buoyant gain kinetic energy. These clements are diluted
hy mixing (eq.2.4.14) as they ascend through the nearly dry adiabatic layer,
which subsides between the rising elements, as modelled earxlier in this section,
At the top of this layer there is a mo~e stable layer, which we shall call a
transition layer if there i3 cumulus convection abow;. The convective elements
overshoot their first level of zero buoyancy (e.g. see Grant 1965), and fall back

finally to the base of the stable layer,
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The heat flux curve ploitted againat helght is shown in Fig.3.8.3,
It hag a turning point at the base of the stable layer.
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Fig. 3.8.2 Yig, 2.8.3

3.8.8

LEGEND The dashed line is the path of n typical parcel potentinl
The firm lines are the mean lapse
‘ﬁ' = .

terperature: O b

rate, and the upword sensible hent flux,

G

Fecalling 2.2.3 for W

7

it is clear that the nearly dry adiabatic layer is being warmed, while the

0g

ot

w DB
AN

stable layer is being cooled, There ig & downward heat transfer (maximum

0 ¥ the upper part of the layer nssociated with this coeling, in fact lifting,

of the giable layer.
stable layer is coolod larpely by compensating ascent as described by 3,8.1).

{This has ofton beon ealled 'erogion!, but in fact the

The positive area under the curve of Fig. 3. 8.3 i8 related to the net

kinetic energy gencration in the layer, If two simplifications are made, In
which
(2) one asgumes no kinetic cnergy dissipation (as opposed to trans~
formation back into potential energy), and no pet kinetic energy
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generation;

(o) onc replaces the stable layer of finite dopth by an idealised in~

vergion of zero depth, (This requires very rapid mixing

when the clements reach Z.}, and assumes that the lapse

ratc in thonearly ndisbatic lnyor does not change with time ,

then one obtaing the timiting case deduccd

by Tsall (1860), in which the

downwzard heat flux from the inversion equals the surface heat flux,
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Fig. 3.8.4

b,
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In general ane might cxpect

e
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HOAT FLUX

Fg§ e FO@ where U ke

A detailed model of the lapsc rate structure of the dry convective layer

30,

similor fto that of &, 2, would yicld 2 valuc for k as a function of the dilution

of 2 typical convoctive element, Preliminary caleulations, and comparison

with observations, indicate that k is about 8.5, rather than 0.1 or less,

In chapter 4, wo too ghall idenlise the probiem by considoring only

a sharp inversion of zero dopth, but kinctic energy dissipation will be

allowcd for through the use of 3,8, 9.
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The Cumulus Layer

The lapsce-rate structyre of the cumulus layer presents some
diffcrent probleme, but once their nature is understood, it can be secn
that the structurc in tho two layers ig ensentially similar, The simplest
worlkable model has a 2 layer structurce and a typical convective element,
Such o model will be developed in deteil in 5, 2,

in this section we chall outline the similaritics and diffcrencos
botween the lapsc rate proslem in the cumulus and dry convective layors,
for W = G
{a) Parcol lapse rates for ascent and descent, with entrainment,

are different in both layers, The anzloguce of 3.4,5, 2.4.6

in the dry layer were 3.4,14
Taq = - 80/5 Tao = + 00/8
where 09 18 an excess tomperature of 1 clement over its

surroundings, & is a seale length for mixing,
However these arc centred on  T';y  which is zero, while

in the cumulus layer T4 5 T.o  arc centred on Ty ,

{) The presence of the water phasce change in the cumulus layer
produces complications. As shown in 3.3.1, the total hoot
flux ig no longor gimply the sensible heat flux, go that the
kinctic encrgy generation is no longer related to the total
hent {lax,
Nonctheless if the spproxirate voriable f}Lis nsed to roplaee O
then the heat flux diagrams for drvy and wet convecilon becomo
closcly analogous, and so too do parecl paths on 2 0 -% diagram.
(see Figs. 3.5.1 and 3.5.2).

{c) However the boundary conditions at tho bottom of the layers arc
significantly diffcreont, and thie sceounts for the difference between
Figs. 3.5.1 and 3.5.2. Therc iz 2 positive sonsible heat flux into
the dry layer at the ground, but, becausc of the stable layer at
the top of this dry layer, there is a negative sensible heat flux
into the cumulus layer through clond-base (sce 2lso chapter 43,
Henes whoreas % ~{ - a.)Pp ig positive in the dry layer, in

a
the cumulus layer it must be negative if the clouds arc to regain




buoyaney, and acccicrate upwards,

oo Ty Ty
where 1y i the lapse rate in the lower part of the cumulug
laycr., This must bo generally trus for cumulus conveation:
that T ., scts 2n upper bound for the lapse rate ia the lower
part of the curnulus layer., How rmuch smaller than T, is
I, will be resolved in 5.2, (We shall algo find that @ is

very small in the cumulus layer: only o fow percent},

() In the upper part of the cumulus layer there is a morc gtable

layor where
T,_, » ‘?g ’

This bringo the ascending cloudy air to rest, It then descends,
ovaporating its liquid water and comes Into potentinl tomporature
cquilibrium with the environment at the level 7., which divides
the 2 characteristic lapse rates T, , 1 - andis also the lovel of
maximum downward total hent flux, This iz the simple structurc
modelied in 8.2, Reeal soundings may not show such a sharp
divigion between I, nnd T, but this is a discontinuous two
layor npproximation to voality.
The cgeantial dificrence here from: the dry layer g that the dry
conveetive elomonic ars loging kingtic encrgy ovor the wholo
rogion wheore the (scasible) heat flux is downwards, whoerons
the clowds losc kinetic onorpy only above Z4s oithough the total

heat flux is downwsards throughout the cumulus layer.

We can oum up the fluxes, parccl paths and stratifications in Fig. 2. 8.5,
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Notes:

)
(i)

(iii)
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6 and gp are identical in the sub-cloud layer and g = o1,
in the cumulus layer,

The dashed lines are typical parcel paths, aL(c )is less than 6,
while the typical cloud parcel has a non~zero liquid water
content. 0, is in fact greater than § over most of the range
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Figure 2. 8.5 requires some lurther comments

{i} Following Ludiom ASE6)Y, we have used the termn Lensition
inver Far the more piabic layor ot the top of the dry coaveetive
layer, juzt holow oloud bage. Vhether this layer is being
cooled, thot in liftod, will depend on whother cloud base ia

rizing, Thio ig disenssed in chnptor 4,

{ii} Thouzh rol easily apparont from this diagram, rmeh of the dry
corwveotion from e ground docs not vise through into the cumwdun
1

lavor, This is beeause the lapse rate 84/37  in the cumulus

layer io goveral times that in the sub-cioud layor, I foilows from

ab - hii)
ot 7 U oz

that W, ov the cenveotive mars flvw, 31 the cumulne Iaycr TOOD
only be o fraction of ¥y, in the sub~cloud layer {o maintain equal
e8/e4 i the twe layers. ¥ the bwo layers worm at egual raies,
then the trorsitior Inver, which determines ihe froction of the
convective mang flox in the sub~cloud tayer, which reraing
buoyanay, and riseg o form elouds in the cumualus layer, io

algo maintaired, I should bo cleor that this is 2 delieate contrel
mochaniom; a2s tholnrpca W in the cursulue layoer produccs o
more pinhblo tracsiiion loyey, which eorregpondingly roeduoes this
Wy . Thig ig wadoe quantitative in chapter 4,

n
3

(iii) In Fir, 3.8, 4, we ave opproximating a epectrum of pizos of
corvoetive clemaord by iust two: thosce that are trapped in the
cab-clovd layer, the majority: and a scecond group which riae
to the top of the cumalus leyer., We ghall repard all the litile
clonds which marlk the top of dry convection from the ground,
but which nevoer rvogoin baovency in the cumulus Inyer, ao in

the firot eaterory.

ot The detailed structure of the cumalug Inyor i congidored
dizzromatically in 3,10, and more quantiiatively in chaptor
5. "Wo shanll comparce our deductiong with gome observations

in chapter 6,
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Discussion of earlier work on mass flux models

The fourth category of models, referrcd to in 2.1 as mess transport
models, wore not diseugsed in that soction, Ve shall here congider three
such models of convection, in the light of eartier scctions of this chapter,

particularly 3.7,

1) Frasor (1968) discussed curnmlug convection in terms of a net
cloud mass flux, and astterapted to distinguish cloud and cnvivon-

ment in 2 manner similar to the discussion in 3. 7.

2y Pearee (1968) uscd a masre flux model to discuss the modifieation
of the environment by cumulonimbus towers, Thiz author used
synoptic datz, in 2 budget study of the synoptic scale fields, to
deduce the environmental vertical veloeity W = ¥+ W
{sce og. 2.7.5). He found that W, << W

3) Farman (1959) discussed the modification of the atmosphere by
cumulus conveetion, HKe presented big work in o differont, though
essentially couivalent, manncy in terms of what he called 'net
entrainment or detraivment' from the environment at any lovel,
(This is the Z derivative of our not cloud mago flux, averaged

over the life~cycle of 2 ¢loud,
The present author is indebted to all thesc,

faman presonted his rosulte in a graphical form, which we shall
uge, and extend hore, He considorcd only W= 0

Using the symbols of 5.7.2, net cloud {lux is oW, =-{1 - a}%’?z}
He used the torm 'net entrainment' (E) from the environmont if /02 (v ¥ )
wag positive ot 2 hoight 7 (that is, if over its lifeorelo a clond romoved
mass from the environmaent at that height), and 'net detrainment' () for
the reverse situation where a/37 (1 W, )was negative nt a height.
Haman's fypical non-precipitating cumulus, averaged over its life-cyele ,
may be oxpressed equivalently in 2 diagrams,
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Z Z
~ /fx
9 E = NET ENTRATNMENT
i D = NET DETRAINMENT
D
E T
2y, 2t
“éég( QWQ) Gpwc
Fig, 3.9.1

The left-hand curve 1s the helght derivative of the curve on the right,
Haman showed that the chenges in stratification follow from the net entrain-
ment or detrainment. This is entirely cquivalont to specifying Wy, and using
578 i | %% (for ¥ = O)

Fraser showod with reasonable agsumptions that there must be a
region of net downward cloud mags flux ncar the top of a layer of non-
precipitating cumulus, This is important as it excludes the po asibility shown

in Fig, 3.9.2
7 z
/} A
D
R T
E -
2y, ™ 2y
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Although both thesc authors werc aware that cumulus convection can
destabilisc the atmosphere, both papers are largely qualitative, In
3.10 we shall draw togother the work of this chapter, and establish
Fig. 3.8.1 on a firm quantitative basis using equations 3.4.1 and
3.7.8.

3.10 Graphical Description of non-precipitating cumulus convoetion

The idens developed in this chaptor will now be interrelated to
give o quantitative picture of non-precipitating cumulus convoction for
W = 0 . It will become clear which unknowns remain to be investigated.
We shall indicate how the model will be extended in later chaptors,

The two important equations are, after putting W = ©

- 3B B\ D
3.6.1 Plp g = - (’é;}gg (pep oy
- 36 28
3.7.56 2= L . as
at 37
The form of the total heat trancport function in 3,6.1 has been
sketehed in Fig. 3.6, The goneral form of the lapse rate g%-« in the cumuius

layer will be considered in 5, 2; but we know from observation that the
stratification of 3 ia stablc for dry air. We can therefore draw consistent
graphs of total heat flux, 35/5t, Wos 38/07 .

Integral constraint
Integrating 3.6.1 from cloud-bage to the top of the cumulus layer,

and neglecting the variation of (6/87)

%2 .
3.10,1 j;b}cF Laz = BepWon,
since the liquid water flux is zcxo at both limits, and the sensible hoat flux
may be assumed zero above the cumulug layer,
The sensible heat flux into the cumulus layer through cloud-base is an
unknown we reguire

3.10.2 Fo = By Cp@ 87y

It will be determined in chapter 4. Fyg will typically be rather smallor
than the maximum valae of the upward total heat Aux in the cumulus layer,
In the two layer model of the cumulus layer which will be developed in



3.10.3

3.10.4

3.10.5

3.10.8

3.7.2

88.

chapter 8, the mid lovel, %4, will be at this level of maximum total

(downward) heat flux.

Fron =

cs [a:;

‘1 : e O
}](Joc wror O ) o (Jpcp Wig! =PL W rﬁ)Z?

Typically £ 4 will be several times greater than Fi 5, as indicated in Fig.3.6.

Howover we shsall not caleulatc Fdiei from the above formuds, but from

Zl‘ -l
e 5 - : .4 8’6 b
Taon " Yoo ="z, P op 3T UE

Tho changing temporature In the cumulus layer will be dotermined from
égb; dt  , and a lapsc rate modol for the time development of the structure

of the cumulus layer above (sce chapter 5).

Uging 3.7.5, 3.10,2; 2,10,1 and 8,10,4 may be ro-oxprosscd

Jfaz 38
Zb f) Bp WD 3_2- a7 = - Fbs
49
28 _ _
2, P % b3z 92 = Ty 7 g
With P, ar] > |Fygl (voth negative), and  35/4% positive
everywhere in the cumulus layer, it follows that W is downwards between

b
Zy, and %, and upwardo betwecen %4 and 4

provided the total heat flux fimction hag the uniform variation shown In
Figa. 3.6 and 3,10,
In circumstances where the lapoe rates in the cumulug layer are

not changing rapidly (sec chaptcr 5) one may to first approximation assume

ha 185
Recalling 3.7.2
a’i‘fc = ={1 -z} WQ
which for a << 4 bocomen
G.Wc = ‘\HD

we see that both 3,10.5 and 3.10. 8 may be written in terms of a cloud mass flux,

The series of diagrams in Fig.&.10, gummarise the description of
the modification of the cumulus layer in terms of 3.6,1 and 8.7,5 f.e. for §. o)
We have also added a curve for the net entrainment or detrainment {(sec 3.9
and Haman (1969)),
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3.11 Conclusion:

The paramecters we shall roquire in chapter 5 for the heat trangports
o8 oK . The sensible heat
flux through cloud base will be calculated in the next chapter, As montionced

above F’%i will be calculated indireotly from 3,10, 4, F’?@Lm Fbe is the
shaded aren in Fig, 3.10. It ic clear that this requires the spocification of

by the cumulus clouds in our 2-layer model are v

the lapso-rate T a in the cumutus layer, and the cloud mass flux into the
cumulus layer, The lapse rate problem io considered in 5.2, and tho cloud
mags flux through cloud-base will be determined together with Fpg In the
next chapter, All thege variables will be determined for the general case
- 5 Bre varying, and there is a larger geale vertical
motion field W | so Fig. 3.10 must be rocgarded as valid only for a simple

when the levels £, 2 i1 B
caso.

Recalling chapter 2, and the model of Agal, it Is now apporent that
cither cloud mass flux, or fotal heat transport {%755) might be regarded
as & measure of the intensity of the cumulus convection, rather than just
WG It has not yet been shown how the cumulug convection is linked
to the surface heat fluxes, This is the subject of chapter 4, in which we ghall
develop a model for the dry convective layor,

Water vapour trangport in the cumulug layer hao not wt been discusscd
other than to develop eq. 3.3.2. This will rocelve further consideration in later
chapters, when water vapour budgets as well as heat budgets will be considered.
It is thought that as a good first approximation the changeg in the temperaturc
structure of the cumulus layer may be calculated with the given water vapour

distribution (as in the lapse-rate model of 5. 2),
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Chapter 4 The Dry Convective Layer

Introduction

In thig chapter we shall examine how the convectlive magg flux into
the curnulus layor (W Db y depends on the boundary conditions at the surface
and the large-scale vertieal motion (W) . For this purposc the structure
of the curanlus layer above cloud-bage will be assumed,

In sections 4. 2 t0 4.5 a simple closed model is developed for a
layer of dry convection when there are no cumulus clouds above, The
sensible heat and wator vapour balances are considered, and the time
dovelopment of the layer predicted, The intorrelation of the surfacc fluxes,
surface parameters: 30,?0 , and values of &, T in the dry layor arc
discussed for thoe different cases of convocetion over land and sea,

In 4,6 to 4.9, this model is extendcd to describe the sub-cloud
Iayer, when the fluxcs of sensible heat and water vapour into the cumulus
layer require additional paramecterication, The height of cloud-base and
its relation to the height  of the transition layer are examined, The
control exerted on cumulus convection (through ?5]‘)2} by cloud basc variation
and large-scale subsidence 18 made quantitative.

B wili become clear that over land the nature of the surface
boundary conditions is such that no aspect of the problom ean be determined
without a closed modol of the whole convective boundery layer. Such a
modcl 15 ncceasary to caleulate 6, T, at the surface, Over the sea
where 5‘& 'i*'& follow from the surface tomperature and pressure, the
heat and water vapour budgets can be congidoraed separately (but only if the
virtual temperature correction is neglected).
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Dry Convegetion

The goneral structure of the dry convective layer was outlined in
the lant chapter (Figs. 8.5.2, 3.8.5) and is repeated below in Fig. 4.2,
Ag mentioned in 3.8, we shall discuss the time development of the dry
convective layer in only a simplificd manner, but it is essential to have
some gimple modcl of this layer in order to link the cumuiusg layer fo the
surface fluxes, The basic ansumption we chall make is that the lapse raie
structurce of the dry layer can be approximated by 2 layoers: a lower nearly
dry adiabatic layer, boneath a much shallower very stable layer., Bome
budget equations will be developed for this simple 2-layer model, which
will then be further idealised to 2 dry adipbatic layer, beneath an
idealiscd invernion of zcro depth.
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The structure of the superadiabatic layer will not be conpidered in
thie thosis. 'Surface ' variables should bo taken to mean values in the super-
adiabatic layer at screcn level, not the earth's surface,

The firat feature to be congidered in modelling the convective layer
is whothar or not there are curmulus clouds, as these will require additional
parameterigation oven in the dry layer (sce 4.6). A suitable simple criterion
is to assume no clouds if the lifting condenaation level (L. C. L. ) of purface
air is more than a few hundred metres above %, I there are cumulus

clouds, it appears that cloud-base closcly coincides with 24 (thc top of
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the morce stable trangition lnyer), so we must examine in some dotail the
conngetion between the heights of cloud-base and the gtable layer {soc 4.6
and 4,9}, The first fow scctionz of this chapter will be concerned with the
developracnt of the dry convective layer whon there are no curnulus clouds,
It is elear from Fig, 4.2, that the dry layor will decpen ap the
stable top 18 cooled, that ig, lifted, This probicm was discusged by
Ball (1960) {sce Fig.3.8.4), thourh only in terms of the erosion of an
idealised inversion at the top of a dry adiabatic layer, Hio model involved
some approximations which we shall mention, but it remains useful; it
will be extended to form a closed model for the dry convective laycr,
including large scale subsidence,
We shall first discuss a mode! of Fig, 4.2, bofore simplifying the

lapse rate structure,

4.3 The dry layer: scnsible heat balance, and time development
The following simplilications will be made

{i} Ladiative transfers are neglected (away from the surfoce)
(ii) Horizontal derivatives of 3,7  are asswned gero,
(iit) The initial condition iz a conotant stable stratification, T , and

constant lapoe of mixing ratio (3¥/32), above the convective
laycr.
withp

(iv) ;;? will be tsken to incroase linearl:yfmm zoro at the ground

to a conatant value ﬁtﬁt at the top of the stable layor.
Tioth (iii) and (iv) arc only algebraie simplificationg.

The basic eguation which we establigshod for dry convection wag:

528 .zdf 3 om s
3.2.3 5t * Az = - x(pWeT)
The form of Wra ' ig sketched in Fig, 4,2, We shall be concerned with the
two layers:
0 <2 < &g
Z$< 4L < Zt

We note that Zy s the top of the stable layer is also taken to be wherc Ft 5=
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The surface heat flux Fog , is the valuc in the so-called “econstant flux”
layor. The otable layer, Z_to 2, , 1o being cooled by a downward

7o aball define an average varinble for

‘?‘S
-—i3 L
bps F :_.f 554z
g O
where  &p. = p, - Ps (po will be asgurned constant),

There arc several algebraic steps in the dertvation of the time-rate of
changa of this vertically avernged variablo, since the height 7z, of the
base of the stable layer is in general changing, However the end regult

{cq. 432 below) has a simple phyoical interpretation, First we obtain, from
s
the dafinition of & , that

rd
d'ﬁ—s da = ' B 3das
dt B 5&%&;}&J £
<G
14 =5 (ZS 5
o . A 8ess 3 e | a8
bpg dt (% )+épgj‘ 3t £ o5
G

e
-

The Hirgt term represents the incresse in 6 u through the incorporation

of air with potential temperature 3, . The second term is casily cornputed

i

by substitufing from 3.2, 8, and then making simplification (iv) to give

Zg
= b ¥ ¥ o -
3G ~ .. ot ok S 5 o= 7
‘( St R = oo - "g""’ - Py Wg(8s-0 )
Joo b )

The physical interpretntion of the lagt textn is that, with mass divorsonce
uniform with respect to pressure (iv), subsidence removes alr from the

o
layer U< Z4<7Z,  with the mean pofential temperature of that Inyer (6 )
and replaces it with air from above (§_).

Combining the obove equations, we obtoin

fdpg G F° Fop ) s 1d%e A N, =P
T e R~ d%s _ _
z dt 8 Cp °p * P \E‘%"S Ws} (8 -6 )
There is a similar cquation for the whole layer Q< Z < Z N
A - s
bpy 4 =Y Fp Lo fdzg o) =
g at o = Cp +Jot\{_:‘g§""[t) (6{;“8 )

slnee Fpg =0,
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The complete solution of the problem involves tho calculation of
the fime~devcloprient of the separate layers from the boundary conditions,
and either 1 model for the transports by the dry conveetive elements, or a
model for the lapoe rate structurc in torme of those clements, We have
devcloped a model of the latter kind in chapter 5 for the cumulus loyer, and
this could be adapted to the dry layer (although at pregsent we probably know
less about the bohaviour of dry convective elements than about cumulus
clouds), This tagk will not be sttempted in this thesis, so weo shall simplify
4.3.2 and 4. 3.3 by idealising the lnpse rate ciructurc to a dry adinbatic
layer, bencath an inversion of zoro deptli. Pig., 4.2 becomes Fig. 4.3,

but we oan no longer plot a meaningful parcel path,

)
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Fig. 4.3
Inletting 2, — 3; , we lose all information about tho depth of

the more stable layer {or trangiticnlayer if there iz a cumulus Iayer abovg),

but it cnables onc to make a simple budget for the layer 0< 2 < 24 . In
trosating tho layer 0< 7 < 45 as dry adiabatle , woe lose

sight of the mechanism by which this layor gets warmer, and we can no longer
present a physical picture for the heat flux curve, However without a complete
lapae rate model for the dry layer, we cannot determine (o 5 gSJ : by
approximating to Fig, 4.8, we neglect it

The justification for thig simplification is that we know {from

observation (see for example Chapter 6), that
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Z¢ ~ 75 18 small compared with 2

5

'é's -3 ig small comparcd with 51: -53

V/ith tids simplification, 4.2.2, 4.2.3 reduce to

fpy 4 5 Foo e

8 at - Cp Ty,

hp. 4 ¥ Fop S gy _x 5
_Er_tuén%uﬁ = “;:”1: +ﬁt’\g~€t "Wé;) (@t"ﬁ}
] ¥l )

V7o have droppod the superfix on 8 ; and §_= 5 .

It follows that

‘ A7 ~
Fap = - Do Cp f}{'a'%“t’ - ‘%’?t)
where 66 = Gy -0 is the strength of the inversion,

The interpretation of 4,3.4 to 4.2.6 1s straightforward, If
&Zy = _
at "W =0
the inversion is moving with the mean vertical motion of the nir at that level,
and there ig no incorporation of air from zbove the inversion into the dry

adiabatic layer., Twtin go far ap
2y
at dy > ©
c.g. ¥ Wo=0 and Zyriges), and H0 is non-zero, there g incorporation
of aly from above tho inversion, with oxecss temperature 48 , info the dry
adiabatic layer which increancs F . Tho mechoanisra of this procesg can

be undersiood satisfactorily ondy by returning to Fig, 4. 2,

The esscntizl purposc in expreseing the heat flux, Fog » through the
base of the invorsion in this manner, 18 to relate the surfaco heat fhx to 2o
and tho rise of the inversion relative to the mean vertical air motion, using

equation 3.8.9:
Fag = =K Mg where O0< k < 1

Hwepat % - ¢
k 1
all our results reduce to those of Ball (1960).

HE.

However this model can be extended, and indecd closed, by adding

an equation for As
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4,3.7

4.3.8
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Equation for Inversion strength: 486

) ’“E‘Z%I‘
- W)

That io ?5.& changes if the inversion doeg not move with the mean vortical air

@

-
{52

t

f\a rl-ttf;?{

@}

auf,.
w'm‘ ci»lm"

raotion, By definition

46 = B, -8
4 _oofeze _g ) L a8
3Ete0) = T %%} 3t

Tho warming of the dry adiabatic layer reduces 89 , md the lifting

of the inversion relative to the moean air motion, inereanes Ao,

Solution :
The set of equations 4,3.4, 4.3.6, 4.3.7, and 3,8.9 can bc solved
for the four variables 2, 5, a0 JFog, piven Fg, Wey, T, 5, &

and agsuming the hydrostatic velation between p and 4,

P %t “f' § - Yoo 7 Tao
Feg = -~k F{){}
oy = =y oy 00 {0 - T,
Srae) - rig—%t - wt} - %%»

3.8.0 rolates T o6 10 Fog intermg of a dingipation paramcter k whose value
hag to be detorrined, cither theovetically or from observations. Tho author
would eugpeat a likely value to be in the range 0,2 to 0,7, bascd on soros
very provigional calculations,

4 as a function of &y , Fog follows immediately from 4.%.4 and
dt
o 3.48.9

%'g'g: - g(ek)F g

deg 7 c,, ot

b
This can be inteprated from an initial state, given py (or Zy) =asa

function of time {sce below).

| . , ,
“5@5.“(&@ ) ig found by eliminating ¥ o8 v Fog from &.3.4 using 3.8.9
engd 4,3.6, and then substituting for d@mjd% in 4.3.7, to give
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4.8.9

4,3.10

4.3.11

4.3.,12

-
£+

Las
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bpy 4 _ A - _ ’M (@% 1
gt iii:{é{}} - g t T (ﬁtt W%} 80 "o dt Wt}

and ?;i as fanetions of time, one may solve for 48 |, An

alternative equation for 40  in termsg of the surface flux ig found by

climinating (%%t - :‘?';t) from 4,2, 7 using <.2.5, and the eliminating ¥

o a0 ¢
a5
*a-%- I}y 3.6.8, 4,3.8, to give

“g;_{&@; kT Tpg | g(i+k)Fag

1t - ﬁ c A5 c? &g

In general, once may solve 4.3.8, and £.3.10 for » and p, as functions of

time, from given initial conditions,

Sorne simple solutions

{a)

Genersal solutions will not be obtained for thesc oquations, but gimple

layer,

If the mean vertical voloceity i8 zoro everywhore, then 4,3.8

cascs are illustrative, If is clear from 4.3, 8 that the total heat flux into the
layer G<2<Z, 1z between one and two tinics the surface heat flux
depending on the valuc of k. This iz true in general, and was first
suggosted by Ball (1969). ¥For simple capes, it is ensy to caleulate both 46

in terrs of the dapth of the dry layer, and the rate of deepening of this same

Thug, changing to pressure eo-ordinzates and keeping p jconstant, we obtnin

dp, d A 38y 4 k
oy L) - —gﬂt(p) Sopy) - Ae-—cﬁspt)

With (35/3p) and k constants, this ic a hc;mc}g;enmuﬂ ordinary differential
equation with constant cocfficients: the solution is

k[
A8 = T (ap} py

o E{ ry
aAG = ST Iz, if vaxiations of p are neglected .

Thug the strength of the inversion is directly related to the depth of the layer
and to the lapsc rate ' above in the free atmosphere (which has been taken
as constant), I 4,8,12 in substituted in 4.3, 6 and 3. 8.5, an equation is
obtazined for the vate at which the dry layer deepens:

g{ik + 2)¥ g
cp(c}gﬁép}

d 2
-Tg(: ’ﬁpé; } ]

simplifics.



69,

) ¥  non-zero: a steady state solution for %_, 46 .

If the mean vertical velocity i8 non-zero, and we start the model
with a small Apy and 49, then the inversion lifts rapidly, as given by sub-
stituting 3.8.9 in ¢.3.6, and rearranging

4‘3‘14' ﬁt - W}.’::F.ﬁﬂ. + %2:
dt ¢ Pt&@ L
P

But if ¥ is ncgative (large scale subsidence), then as 40 increases, dZ,/dt

decreases, and there exists a solution with 7., 40 constant when

4.3.15 —~ XTI, = Py cpa@%?t
and, from 4.3.10, for constant A5
k. Apt
= ,......mkm.......... -
Ao T k4 T neglecting p variations
Eliminating 2 givea a third relation:
:w Fa)
k1) F =-c W, TREBL
4.3.17 (k+1) o6 Cp + Pt
Conclusions

These equations indicate useful relations between the approximate
structurc of a dry convective layer, the large scale motion field, and the

sensgible haat flux at the surface,

) Egs. 4,.3.12 and 4,3, 18 suggest that the digsipation parameter k,
itself related to the physics of an individual dry convective element,
may be estimated from the strength, s , and the height of an

inversion.

(i) Eq. 4.3,13 gives the rate of lifting of an inversion, for example,
the inversion produced by nocturnal ccoling. In diurnal convection
the dry convective layer will deepen until 2, reaches the lifting
condensation level of elements rising (with mixing) from the surface
superadiabatic layer, The cumulus must then be parameterised
{(mec 4.6},
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(iii) If there is subsidence, then the maximum height of the Inversion
is given by 4,3,17. We sce that the greater the subsidence, the
lower the inversion height. Thus it is clear that sufficient sub-
sidence will suppress clouds altogether, by depressing the steady
state inversion height to below the L.CL L. of surface air,
However no amount of subsidence will depress the inversion to
the ground in this model, since the shallower the dry adiabatic
layer, the greater a‘é} dt . This keeps 20 small, consiant,
and satisfying the above equations, (The influence of radiation

is considered below),

{iv) Eq. 4.3.15 relates the inversion strength to the surface heat flux
and the large scale subsidence. This could be of great use in
synoptic scale studies as a means of eatimating % from F 4

and vice-versa, once we have a good value for k.

The approximation of the lapsc rate structure, and the convective

transports, 1s less serious than the omission of radiation,

Radiation:

On timescales longer than a day, radiative cooling of a dry convective
layer beneath an inversion i8 important, Typleally the dry adiabatic layer is
moist and the subgiding zir above the inversion very dry, so the radiative
cooling of the dry layer may represent a rate of heat loss comparable with
the surface heat flux. Thia adds an additional term to 4.3.4, reducing dg/ dt .,
The steady siate inversion atrength Ao will be increased, to a value bigper
than that given by 4.3.16. However 4.3.15 will still be satisficd (see (iv)).

Most subsidence invergions are long lived, and for these, radiative

fluxes cannot be neglected, as in this simplc treatment,




4.4

Water Vapour Balance

4.4.1

4,.4.2

In dry convection, the transporis of heat and water vapour may be
treated independently, except for the virtual temperature correction in
estimating density and buoyancy. When the Bowen ratio is small, this
correction becomes important, as the virtual potential temperature flux

w'g, . and the potential temperature flux Tro , then differ markedly.

For example when the

Bowen ratio

1/15
2 Wrgt

TR

W 8\; ~

Even smaller Eowen ratios are common in the Trades. The set of equations
T

in 4.3 are however valid with ¢ replaced by 6 (defined by g—v = ;E" )

Nonetheless, an independent set of equations ig required for the water
vapour balance, QOur approach is fundamentally the same as in 4,3, but as we

neither need, nor have, a direct relationship between ¥ .. and F,,. , we shall

not idealise the vertical water vapour structure. It is necessary only to define

bpy 3

[

g o L4
Br = g -

when the analogues of £.3.3 and 4.3.7 are

ape & F¥ 0 Fgp

4 aF
at oF = (ax)

¥ paz

{,iz
= S
+ Py érid‘%: é‘t)

dig _F) -
(ét gt) at

(a7/32), (above the inversion) and ¥,

¥

With Fope given, and 4py , dz,/dt
determined in 4.3 from the § balance, this pair of equations aam be integrated

-t
from an initial condition to give ¥ , Ar.
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4.5 Burface Boundary Conditions: closure

These are a common problem to both dry and cumulus convection and
have received much attention, We shall only indicate very briefly how the
surface fluxes T o6+ Yor are constrained. If these can be related to
5 and ¥ , the dry convective problem becomes closed.

Land and sea surface boundaries can conveniently be distinguished,
Sea

The sea surface variables § _ , ¥ are determined once the sea
surface temperature and pressure T, p,are given (r = I‘S(Tommjo

We shall suppose that the fluxes are adequately related to 3, F
T, , T by bulk aerodynamic equations of the form

e

4.5.1 Fo = G5 Py cp{ee—e) Ve

2. —_ n pun ~ _'7-:
4,5,}1 Fop ™ Cr‘ 2 L{ro ¥ ‘%’Q

where 7V, is the magnitude of the wind at some level in the superadiabatic layer

Ce ,cr are coefficients appropriate to that level, and to the finite differences

{"){j“‘é K] I“:}‘“I’ .
Cos C are essentially drag coefficients, but have some dependence on

r — e
Richardson number in the superadiabatic layer. (§ -6) (F -F) become finite
B oF

differences from screen level to the top of the superadiabatic layer, if 350 37

are small in the dry layer above, In this situation it is probable that

Ca = O r
These are only approximate relations, and clearly depend critically on the co~
efficients Cy s Cp - A more careful study of the strocture of the superadiabatic
layer is desirable,

Land

The land surface boundary conditions are more complicated,4. 5.1 and
4.5.2 may still be used, but 0 _,r, are no longer given, but are functions of
the solar heating, and evaporation from the surface,

Two further relations are reqguired, One relates the heat fluxes to
the net radiative flux at the ground, and the ground storage of heat:
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where
N is the net radiative flux at the ground

G is the downward heat flux into the ground,

Another relationship, which in some way describes the availabllity

of water for evaporation, is necessary, One may write an equation of the form

Y. F = (rS(TQ}aroj
where
“%S“R is a vepetative resistance {o evaporation, dependent on type of vegetation,
soil moisture etec. The easier it is to evaporate water from the surface, the
smaller ‘ifg. (An open water surface has Vg‘ G ). Strictly ?G, r, ghould not be
screen level values but those at the level of the vegetation.

With these 2 further relations, one can solve for the surface fluxes

EY

over land given Vs T, Gy 8, z.

Closure: Summary of 4,2 to 4.5

In these sections we have established in outline a cloged gystem of
equations to describe the dry convective layer, when there are no cumulus

clouds .,

Over the Sea

The heat and water vapour problems are digtinct, apart from the

virtual temperature correction.

{a) Given G v, and {;6 at the surface
’ﬁg » I' inthe 'free’ atmosphere
and k

one may calculate

F., F 5, a6, 7 s functions of time from a given initial

o T ab?
condition of the atmosphere, using 4.3.4, 3.8.9, 4.3.6, 4.3.7,
‘éo 5510
{b) Given rog v, and ¢ at the surface
@t (ar/az) in the free atmosphere

&
and sk from (a)

one may caleulate
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H1

by as functions of time from a given initial condition, using

4.+.1, 4.4.2and 4.5.2

Qver land

The whole set of equations above can be solved simuitancously together
with

4,5,3and 4.5.4
ag additional equations for ¥ 5? For . Instead of being given ¢ orTq v Ve

reguire N, G "ifr{ .

(DidwF wndeortond  ryokinrhive w'fdffj .
Ofleans al Has #M’)




4.6.1

4.5.2

75.

The Sub-cloud Layer

In the last 3 sections, a simple model has been developed relating the
dry convective boundary layer to the surface fluxes, the mean vertical motion
field and the 'free' atmosphere above, In this and succeeding sections, this
model will be extended to the sub~cloud layer, There are three new factors
to be considered:

i) the height of cloud-base, which bccomes the upper bound of the
dry convective layer;

(ii) the parameterisation of the heat and vapour fluxes into the cumulus
layer, as there are now convective fluxes through the top of the dry
iaycr, whercas bhefore Fto = Ftr = 0y

(ii1) above the dry layer, there is no longer the 'free' atmosphere, but

the ~umulus layer which has its own characteristic structure.

In thie chapter the structure of the cumulus layer (iii) will be agsumed,
but we shall discuss (i) and (ii}). In chapter 5 the structure of the cumulus layer
will be related to the sub-cioud layer, W , and the 'free' atmosphere above

the cumulus layer.

Control of cloud-base

Cloud-base is typically 100 to 200m above the lifting condensation
level (I..C.L.) of air at screen level, because of dilution of 'surface air’
rising through the sub-cloud layer, with air whose L. C. L. is higher. However
as a first approximation, it is useful to assume that cloud-base is determined
by the surfacc parameters 50,5 0 Once -6:,—?- have been de termined on

this assumption, further iteration is possible, We suppose

Zb = f(eo,ro)
: iz _ (_a_@.b) a8, (..._baz) dfo
at Boly_ At Foly,

where the coefficients vary only slightly with height, and have values in the
tropics (To = 30°C)

(az ) ~ 120 1/°C
Bofz,

'{—c—}—é-b ~ =130 m/g/kg .
\BI‘O Py

0]
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To this approximeation, the height of cloud-base varies only slowly over the
sea, as the sea surface temperature chanpes, {There is also a small
diurnal variation, which is not well understood, but may be important -~ see
4.7). Over land however the diurnzl variation of 50,}'0 is very large,
and Zy correspondingly may have a large diurnal variation (sec for

example- chapter §).

While Z 40 the top of the dry conwvective layer is below the L.C, L.
of surface air, the model of 4.2 —> 4,5 remains valid, However if 7 t

rises to this %..C, L., then clouds form and the raodel must be modified.

Transition Layer:

It is ohserved that in cumulus convection there is 2 shallow {200m),
more gtable layer at the top of the dry convective layer, just below cloud-
base {c.g, Grant, 1965; Warner & Telford, 1967). This has been called
the transition layer, (Ludlam, 19466), The transition layer may be under-
stood from opposite viewpoints, alrveady briefly indicated in the discusgion
of Fig. 3.8.5. point (ii}.

{a) The transition layer is the more stable layer at the top of the
dry layer which stops most of the ascending elements of the
dry convection,

(b) The potential temperaturc increase 568 across the trangition
layer implies that parcels of air rising from the ground are
negatively buoyant at cloud-base (if Z‘b > D ). Thus &6
ensures that only a fraction of the dry convective elements {the
most buoyant - fypically the largest) regain buoyancy in the
curulus layer, and continue to ascend.

The transition layer A6  is maintained when
i 28 ~

3t EEYA '
is the same above and below, Since the lapse rate

= =W 0

%i?{ is typically
several times greater in the curwlus layer than in the nearly
adiabatic dry layer, the transition layer is maintained, when

the convective mass flux W, is much smaller above %, than

below 2 g+ Thus we reach the important conclusion that 2
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difference in lapsc rates in cumulus and dry convective layers,

means that much of the dry convection from the ground is

stoppcd at the transition layer, Indeed roughly speaking the

larger 466, the smaller the fraction of the convective

elements which regain buoyancy in the curmulus layer. Conversely,

only if the lapsc rate is essentially unchanged as one goes from the

dry to the cumulus layer (andd 46  is zero), does all the convection

from the ground rise up into the cumulus layer. There is some

evidence to support these ideas. The general question of lapse

rates in the curnulus layer will be discussed theoretically in 5, 2,

and observationally in chapter 6,

Yet another aspect of the trangition layer is that it must be 'tied' to
cloud-base 7, whether this varies in height or not. Taking Z; as the top

of the transition layer

4%y . 82y
4.6,3 at = Tt

It does not immediately follow that » & % is zero. The transition
layer A8 must satisfy a set of relations for the dry layer, similar to those
of 4.3, However it must also control the convective mass flux into the
cumulus layer, which is not the same dynamieal problem, It is possible
that small variations of (2 - Zy, ) of about 100m, that is in the relation of
the height of the transition layer to the heirht of cloud-base, may be a
furthor necessary degree of freedom in the problem (see scetion 4,8).

This is » complication which will be nerlected in the firat instance,

We shall agsvme
4.6.4 Zy = Z¢ .

Then, 2s in 4.3, we shall idealise the transition layer to an inversion of

zero depth, coincident with cloud-base,

Il

by = Dy

Simple equations can now be written for og , and for the heat
balance of the layer (< Z < zy , with a specific parameterisation for
the cumulus.

The heat flux through Zz; (=2,) is no longer zero.
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Zhy Dy Dy 48 F.y Feo = Fos

Fig. 4.5

Heat Balance of the Sub~cloud layer

The heat flux out of the sub-cloud layer due to cumuli can be
parameterised (assuming 4.6.4) as
F — Ll
4.6.8 %f = “ch: = ﬂb("'g’lc}b(a(l})”ﬁb)
where 6(p) is the potential temperature of parcels rising through cloud-base.
and (oW C)b is a cloud mass flux just abowe 7, (imore exactly Z. , but we are

asguming 4.6.4).

From8.7.2
(W), = =W if o << 1
Writing
(a(p)-ab) = (88 ~AG)
h g -5
waere o -
Y] By, ~ 8 =
56 = 8(p) - &
4.6.5 becomes
7
ba ~
4.8.8 — = W. (40 - 59)
cp FPv "pb
The analogues of 4,3.4, 4.3.5 now become with 2y =Ztand dpy = po ~ py,
- F F
bpp & = Zoo | Is6
4.8.7 el AL I =
o a F F w~ [ Az
4.6.8 -%P-b =5 = ~§§ - —gf +pb(ﬁ—b - wb)ae

where % -3%° - 3°
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* - o @b - v oo ~
. Fo = =Fp (dt Wy, E’Db) LD - Py WDb &5
This Eq. is written in this form because we shall, ag a first approximation,
neglect
66 << AH
This 18 a comparable approximation to the neglect of
-~ P ~
8s -~ B << B, -8
which is being made, when a dry adiabatic lapse rate is assumed in the
sub-cloud layer. Doth are necessary without a more detailed model of the

sub-cloud layer, dealing with lapse rate structure and parcel paths,

. ldzn _ % )
46,8 L Fgg o= -y opgp v o - U)o

Fsp will be agaln related to the surface sensible heat flux

X

P = -kEg

a4}
.
(03]

s8¢ that most of the details of the procesaes In the sub~cloud layer are
hidden in the computation of k, which we ghall not attempt here,

The argument which led to 2, 8,9 (see Ball, 1960 and 3, 8} involved
the generation and removal of kinetic energy by buoyancy forces, loeslly in
the dry convective layer, The circulations of the curlus clouds exchange
energy between dry and cumulus layers, and the effect on 'k’ is not clear,

2. 2,7 parameterises the incorporation of the trangition layer into
the dry layer by the dry convection in the sub~cloud layer. Qualitatively it
ie likely that as the mass flux into the eumulus layer increases, Fo 5 may
become a smaller fraction of ¥ 4 (that is 'k' may fall), simply because the
fraction of the convection from the surface trapped in the dry layer decreases,

2.8.% is to be regarded only as a useful first approximation,

Equation for A
This follows immediately from the definition of aAs

46 =By - B

From 3.7.5

L

f

2 G w
3t iy + W, 3T

\
!z,
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: By (dzb -

T at = Vo - W IT,

, ¢ _ plamy _w= L _ a8
e dt 7 tl (c‘it ¥ Wﬁb) d

The interpretation of this oquation is essentially similar to 4.3.7.
We have shown that the vertieal motion (“‘;’3 + Wy ) of the environment controls
the local potential temperature in the cumulus layer (eq. 3.7.5). To the
extent that cloud-base helght does not subside with the environment
(g—%b- #, - W,/ just above cloud-base, 46 is increased; while the warming
of the sub-cloud layer reducos 4a,
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4.7 Solution of equations for the sub~-cloud layer

I Heat balance and cloud mass flux

We have now a complete set of equations for the heat balance of

the sub-cloud layer,

4,5.1 Foe = Ca -PQ ﬂp(@e“g}vo
4.6.1 ng _= f{ﬁ{)y rg}
bp, 88 _ .
4.6.7 ep = 3¢ = Fov - Fep
4,8,9 Fog = =k Fep
. azp =
4:.5. 9 ?56 = "_pb GP éﬁ (“{‘i‘%" - W%} - WDb)
4. . azy % ) . &
4.6.11 ITeee) = T‘T(dt Wy = Wpy at

The surface boundary problem remaing as discussed in 4.5. Here
we ghall agsume that 6, , r, are known. The gix equations can then be
solved for the variables Foq, Feg, Zps 0, 00, ¥
given I, W, , # and k (and assuming the hydrostatic relation
between p and 7},

The equation added to those of the problem of wholly dry convection
discuased in 4.3 is8 4.6.1 for cloud-base height. Since the height of cloud~
base and of the transition layer are ddermined (see 4.9 also) we can solve
for the convective mass flux ( WDb } into the cumulus layer, ?”%is not
determined directly from the surface sensible heat flux, but {ndirectly from
%Ei’ . This is clear if we substitute 3,3.9 in 4.6. 0 and re~
arrange, giving

k Fop gy dz,
4.%9.1 w W o ———— + W - 28
i+ cp Py 046 b at

This equation is to b¢ compared with 4,3.14, which is cssentially the same,
but with WDb: 0. We bave parameterised the cumulus in terms of a sub-
sidence of the environment. The stable transition layer is lifted, relative

to the environmental air, by the dry convection trapped in the sub-cloud layer,
but subsides with gb and Wy, (which are respectively the mass flows out of

the sub~cloud layer by subsidence and through the bases of the cumulus clouds);
thus the transition layer rises and falls with cloud-base,

Some sinple solutions will be considered,
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Solutions

dg/ dt  as a function of &y , F o6 follows immediately from 4.6, 7 and

3.0.9
a5 #{1+k)Fop
«.7.2 dy 7 Gy, Bpy

47
%fb has been related to the surface variables(4.6,1) so Zp v Py

This is identical with 4,2, 8 and ean bo integrated from an initial condition
given Toy ,pp, (or 2y} as a function of time, However an add tional
approximation has been made 56 << Ag  (Bee 4.6,9), which does involve

the neglect of a correction which would reduce Ik,

og follows from 4,5.1 given § and the surface 8, 80 4.5.1 and 4.7.2 can
be solved simultaneously with the surface problem (see 4.5) to pive 5 s Pog
Fiven k and 4py,

F:@fcilows fromk and Foé} v

e

Thus over the sea, wherc T, follows from (8,,7,)the set of
equations
4.5.1, 4.6.7, 4.4.9

can be solved simultaneously for

&

Feg s Fago
riven Zy, from 4.6.1 and L,

Over land the solution for 2y, involves the solution of the surface
problem (4.5) for o a8 well as Eo . It is necessary therefore to solve
the water vapour balance in the sub-cloud layer, and indeed the whole
curnulus layer problem before one ean determine the surface flgxes., Wo

shall attempt the water vapour balance for the sub-cloud layer in the next

section.
The analogues of 4.3.9 and 4,3.10 are
Gpp 4 iy = \ ( A T4k -
E;Rh I @ = {Eﬁ " Wy = iy ;égb Ty= % ’*‘Gﬁ’bj

.F i \X
2 ho = mﬂﬁ(%‘ﬁ’: . allek),

Cp Ppi® &py, |

follow from 8,7 .
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which if combined reduce again to 4,7.1.

There is again 2 steady state solution in 10 , if By F o8

andd f;I are constant

= k T é.gb o B p
b= T s, T oRa T e
This 19 identical to 4,3.16 for dry convection, Over the oscan, 7, constant

b
is often 2 good approximation, Even aver land where 2, has a marked

dlurnal variation 4.7, 5 is 2 useful fivst approximation

if 448 48
it c Ft

Substituting 4. 7.5, this inequality becores:
Kk 4z a8

£ p G2y 29

et B

ou K wz make the above approximation in 4,8.11, and then substitutc
for d§/at frot1 4.7.2, or if the value for 46 given by 4.7.5 is substitutod

in 4,7.1; we obtain the cloud mass flux in terms of FQQ s Zy W .

Q(}i?%)}? P A
=Ygy * T £}.§g * Wy - ii
1T

This eguation can be interproeted differeontly from 4.7.1, As an
approximation to 4,6,11, with d 8/3t = O , it says that the trarsition
layer is maintained when the mean potential temperature in the sub~clond

layer § , increases at the same rate as potontial temperature at cloud-

bﬁﬁﬁ, Bb .

From 4.7.5 it is clear that the large-scale subsidence and rise of
cloud base both reduce ?gi}b ., the convective mass flux into the cumulus
layer, in an exactly similar manner. Thus variation of cloud-base is an
important control on the amount of active cloud, The smaller wDb , the
gmaller the heat tranaport in the cumulue layer (see 3,10), which in turn
reduces the rate of deepening of the cumulus layer (all other factors beiug
equal - sce chapter 5), The magnitudes of all terms in 4.7.8 may be

comaparable e, g, typical diurnal %tz—b =15 mb/hr {(+4 cm 5-1} .
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If subgidence incrcases ( %b becomes more negative), then it
is clear from £.7.0 that ( "Wnb ) fallg to zero, and we rovert to the dry

model again with no clouds,

In the other limit as  ( - } — O, H@*Db[ increases

tending to -
ng mg(k'ﬂm)?aa s 1 &géu 7
C‘;‘j I’; é}‘pb - I‘1c1f:; iﬁ b is constant .

Eq. 4.6.10 may perhaps be applicable to a field of cumulonimbus,
ire &, which is probable
4.6,11 becomes

a8 a8 P
4.?.?, "(—1—5‘ + ""'(""i""%"""" = - (\Efb kS “Db)r’l
dA0

Now o raust be small or zero if the ficld of convection is to persist, and
if g"g is small then ﬁb and Wnb must Iarpely cancel, Evaporation of
fatling rain might give an additional term in 4, 7.7, but one could rogard this
as local to a cumulonimbus and relevant only to the determination of LY
4.7.7. could be used to reiate the sub-cloud layer to the curmulonitabus layer,
and determine WDb . Hence one can eptimate the water vapour flux out of

the sub-cloud layer {sce 4.8)., Tho cstimation of 48 /dt remains a problem,
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4.8 fI Water Vapour balance in the sub-cloud layer
The extension of 4,4,1 and 4.4.2 for F and Ar toinclude 2
parameterisation: for the cumulus is clogely similar to the extension of
4.3.4and 4,.3.5for 8, 00 .
Aupsuming
Zb = zt
we write
F -~
Zhr -
4,8,1 7 = Ry WDb b 6r)
~ =h
whero Ar = ¥. -7
b p
& r = I‘(p) -7
br  cannot be neglected in comparison with  Ar, and ag a first approximation
one miht write
r(p) = ¥,
by neglecting dilution in the sub-cloud layer |, Thon
]
4.8.2 br = ;0 -
3 ~
1 e Lo r -7
4,.8.3 and T = Py Wgﬁiwo r)
The extensgion of 4.4.1 is
4.8.4 fop &5 Eor o (if.zi.b,,:*_, ).~
e @ = 7 «{-pb&r TE Wy Wi}b + Pb wﬁb. &r

The socond toerm on the R, H.S5. represents the drying of the sub-
cloud layer by the incorporation of dricr aix from above the tranaition layor.
The last term is of covzparable magnitude, and parameterises an 1dditional
drying of the sub~cloud layer because the air rising to form the clouds has
a raixing ratio above that of ?b These terms arc the feed-back throurh
the water vapour budget on the helpzht of cloud-base, By reducing ?b over
land, ¥, is reduced, and cloud-bage rises. This reduces lwnb} (sece 4.7.86).
Hence in 4. 8.4, the last term alone cannot dry out the sub-cloud Iayer until
there are no clouds: thig can ouly happen if Ar is large. Ovor the seas,
where T o 18 essentially constant, any fall of 7 just raises tho surface
flux T, , B0 the ocean may be regarded as a vagt reservoir, which supplies
the water vapour {and the heat) necessary to congtitate the clouds predicted by
the equations of 4.7, (Strong subsidence will still remove clouds by lowering
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the inversion below the L. C. L. of surface alr. The dilution of surface air
w3
as it rises will raise its L. C, L. if T islow: an effcct we have

neglected |, )

Lhr Zaquation

From: the definition of 4r

d ar drb
g, L 4rp _our
at (ar) = at dt

L

However no thoory has yet been developed for %3 in the cumulus layer.

The convective maas flux modet of 3.7 i8 inadequate, because thisg modal
followsa convoctive elements only while thoir potential temperature s c
differs from that of the environment 8 . The air that flowe through the
bascs of the clouds has a higher 6, than the cumulus layer (which often
has nearly constant 9, ). Mixing dilutes the clouds, but the air in thom

has a higher 0_ than the environracnt ot all levels, Even after the evaporation

B

of all cloud water and descent to potential temperature equilibrium 0.= 9,
the mixing ratio of the zir which was recently in a cloud is above that of the
environment, Shear in the vertical wind and the circulations of later cumuli

will distribute this water vapour through the layer,

A very simple theovry for %E’ will now be proposed, bescd on a
paramcteriogation of 8,3.3
o 5; ~ a“ a - M‘“W
Rip + PG = = ¥t el )

{ 'EL has beon noglocted)
The water transport by the curndus clouds will be paramcterised
W {p [ SR { I‘}"FI"
Yi b + ]:‘L £ = D rc e L
where ( r e * Ty ) is the total water content of a ‘typical' cloud. This is

inevitably an oversimplification.
Substftuting 4.8.6 in 2.8.3, and ncglecting variations of p

3% (i .u )ik 9 _yy
il gnw;j)az + WDE}%(PQ'}I'L} + (ro+ry r)az*&})

The analogue of 3,4.13 for cloud total water content (watcer substance

is conserved: sce 3.2.5) in

_frgwry ~ )

T
??:i(rc+rL) :
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for ascont with mixing. We shall supposc this is valid for &y, < 2< 24

SBubgtituting 4.8.8, in 4.8.7, glves

i
4.8.9 2 L F.uE , Fxr (a1 aw)
g = (N-FND)&Z + 5L 3 WD 37 |

1

where o ¢ /BT, = W [(r.+rp) - F)
ri/P b ¢ L F_ is autotal water flux (including

r ' and is the anal of F .
4,8.9. parameterises %—E— in terms of \iﬁim 6 LS GHALogue oL
(i) the total cnvironmental vertical veloceity ( W4 W.)e For
Zg < % < Bq this term generally reduces ¥ .
(if) an fnput of water vapour into the cumulus lay er which is
positive if AWy L 1
Wp 4% =

that ig, if the ascending mass flux increnges lesa fast than
the dilution, masse {and thorofore water vapour) 18 belnyr shed

from the clouds.

Now

4z [28) 4, (g%i)
it *b = \az; , e b TG

Subgtituting from 4.8.8

! !

i SARE > ) Fopfl 1 3.,
4,8,.1¢ e r — l"-'*) !":;W By, = ¥, - W + — e e

dr *b oz [, de b b Db} P \s T WAz Dy

Substituting 4.8.101in 4. 8.5 gives

4.8.11 q F {az (03] Fppl1 1 3
» B wrl £ - - =26 b LW . 9r ‘hrit | 1 dyg

FelhT) = TEp ¢ (d%: e g‘fnh) 'iéz)q "‘pL(s [P E}b)

This detormines  4r , from ¥, (3%/32) 4+Fy, — the variables
A 37 -~ w g e

discusscd In 4.7 "_bat y Wy Yiop 3 and gfg{”‘m}

which will be deterrmined in chanter 5.

Closure:

The 4 water vapour variables of the sub~cloud layer P ¥, Ar, &r
arc dotermined by integrating 4.5.2, 4.8.2, 4.8.4, 4.8.11 from an initial

condition glven ¢ , (see surface problem 4.5)

34p W %:;? {"" 3
4+ ' Unh {(see 4.7} LA W f)
and (3%/3z),, eWp/3%2, S inthe cumulus layer

The hydrostatic rclation between 1, z,;é has been agsumed,
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Ais mentioned earlier, the solution for T, over land additionally
involves 4,6.8, 4.8, 4and F,y . The cquations of 4.5, 4.7, and 4.8
raugt be solved aimultanocously.

I this section we find 3 now variables from the cumulus layoer
are necossary to saolve the water vapour balance of the sub-cloud layer
5, &0 wh (aF/0t)

Sy 37 which arc needed to determine (dr b
These will bo discusscd in chaptor 5, where we shall modol the cumutus

namely (0r/37) 4+ and

layer,

Relation between heiphts of cloud-basc and the transition layer

It wao assumed for simplicity in 4,6 that

and the transition layer was idealised by letting

zs — Iy
In 4.8 it was suggested that Wy 18 controlled by the trangition layer Ao,
Howcver 2 relation was deduced for 40 in a simple casc in 4.7

k
56 = WI‘{} %

and in the sanc soction *{:‘Db wag detorminod purcly from the budget and structurc
of the sub~cloud layer without any specific equation relating Wbbto L6. The
agguraption of 4.8, 4 made this poasible,

We shall now indicate diapramatically how the transition laycr
np S0 that 4y~ 7y is small and 4.6. 4 noarly gatisfied, The validity
of the precedin: model is not affected.

Ly was originally defined as the level reached by dry convection

controls W

from the surface, To distinguish some parcels that regain buoyancy and
becomc clouds, a gpectrum of convective clements of different W', &+ is
necossary; 8o a single 7418 & sfmplification, R is convenicnt however to
digtinpuish a transgition layer

G, < L<Zy
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where 2t is tho heipht at which some median conveetive clement stops if
there i8 no water condongation,

Fig. 4.9.1 shows schomatically that, the larger Z, - 2y, tho
easier it is for parcols to rogain buoyancy. Indecd it ean be seen that the
population of convective elernents roaching 2, will fall into two classes:

those that ropain buoyancy before ceasing to rise (which will continue

o
o

fiay

5]

Fig. 4.9.1
upwards since E‘G e [§ . ), and those that do not. The fraction that regain
buoyaney is critically dependent on Z¢ - 7y, |

A simple numerieal estimate will illustrate this, Conslider the
deccloration of an ascending parecl {vertical velocity W', poerturbation
potentiai temperature 6' ) asbove Zi for simplicity, using parcel mechanics
(Fig. 4.9.2.).
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g, 4,9.2

6' = 9y = (P =T 08~ 2)

For the limiting case inwhich  9' = 0 when W' = C

2
g2 . B9
t a(r{z?—rq)
For W = 1 m g
t
T , - T = 1% um” )
o 4 -
o) . e [+
‘jt <~ wua

A buoyaney deficit greater than this will stop all convective elements with Wé £1ms

Fig, 4.9.1 shows that 6 : is approximatoly
OS{P) - Ot + rﬁ{zt - Zb}

The critical control is {7 LT zb). I‘c ’ Jbeing a function of Tw , J00B vary

with temperaturc: a typiocal vaiue in the t{ropical atrosphere is gbout +4°C km™

(sco chapter 6).
In practice there is a giZze spectrum of convective clements and a

more detailed analysis, allowing for example for the variationin T, , with

clement size, sugpoests that variations of 20,2°¢C In ¢ { arc sufficient to control

‘f’%gb « Thus in the tropical aimospherc this can be achieved with variations in

+
zt-zb of 7 50 m,

-1
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The virtual temperature correotion is often important at eloud-

bage where 4 r is negative and 49 positive, 20 ;18 therefore less than 235,

b
100m in the tronics., There 15 an indication here that one might find larger

typically less than one degree, Ii is likely that 2 -2 is therefore about

values of g e % at lower temperatures, that {s in higher latitudes,

For budget purpoges it was assumed that

22y g A%y
dt dt

This remains a useful approximation, Indeed if the top of the dry layer is
taken at Z, in Fig.4.9.1, the budget problem for the dry layer remains
unchanged. The heat flux out of the top of the layer

G <2<z

i8 now a flux of 9 as some condensation has taken place already.

L r
Numerically, however, it ig irrelevan whether condenaafion takes place
in the cumuli below 2z g O not, as the water is advected upwards, This
is clear from the dotted path of {}L(p) in Fig. 4.9.1. The parameterisation

becomes
w—-ﬁ-hl- t - - A 3 - Y
- Fy th {81,(9) at}

~

= Py Wy, (08 -&54)

[@s}] ‘L‘

60 = 61‘::-

8 F*
56 = L(}?) - 8

Numerically this is barely distinguishable from 4.6.8 where we assumed
4.6.4, Indeed we shall continue to use 4,6.4 in later chapters.

The choice of a level to divide dry and cumulug layers is a little

arbitrary, Z , seems rmosgt suitable beczuse:

{a) the upper bound of a stable transition layer on a sounding can
probably be identified, and may theoretically be associated
with the limit of essentially dry convection from the ground;
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(b} any liquid water condensed in the ascending cumulus clouds between
i":’xb and 7 , can be handlod by the use of 6 1, rather than 6, and plays
no part in the heat budeet of the dry layer as it is advected into the

cumulus tayer.

The purpcae of thie section hag been to clarily why it has not been
necesgary to use a specific dynamical relationship between 46 and WDb'

#,, canbe controlled by small variations in z_- 4, but this does not

t
affect the heat Alux ¥ tay OF therefore the budget of the layer (< Z< 2 iy
Further any changes in % &% of about # 50m do not significantly affect

the equality

day | dip
dt ¢ Tt

Thus we may work from this equality and deduce Wi}b ag in 4.7, knowing

that ouly a relatively sraall change in Zy - zbcontmis WDh .

Summary of Chepter 4

This chapter falls into two parts.

vections 4, 2 to 4, 5 establish a simple closed model for the time
development of a dry convective boundary layer given an irdtial stratifica-
tion, W , and the surface boundary conditions, This model incorporates
a generalisation of a parameterisation proposed by 3all {1960) for the
lifting of an inversion by dry convection,

in sections 4,35 to 4.9 this raodsl is extended to describe the sub-
cloud layer, by including an additional parameterisation for the sensible
heat and water vapour fluxes into the cumulus layer. By demanding that
the rmore stable transition layer at the top of the dry layer always remained
at cloud-base height, it was possible to determine the convective mass flux
W% into the cumulus laver, Retrospectively, in 4.9, it was found that
only very small variations (about 100m) in the relative height of cloud-base
and transition layer are nccessary to exert a scensitive control on %‘f% R

The problem ia simplified over the seg, If §,, 7o are assumed
known. Over land both the sensible heat and water vapour budgets must

be solved simultaneously in order to caleunlate the partition of the incoming
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solar radiation into sensible and latent heat fluxes at the surface. None~
thelegs given a set of surface observations and a series of soundings in
time, it {8 possible to test the model in many ways. This will be attempted
in chapter §.

The most important conclusion to be drawn from this chapter is
that ¥o which is & measure of the intensity of the cumulus convection
in this model, {8 not a simple function of gurface heat flux or water vapour
flux, Instead we have
g(k+1 )F?ﬁ,

Cp I% Lpy

£

{4 o
fazy =
3 - ¥

\dt
The sum of three terms on the L .8, is esgentially a function of surface
heat flux. The rise and fall of cloud-base is a function of both the heat
and water vapour balances in the sub-cloud layer, and is most markod
over land,
Ve see that rise of cloud-base and subsidence have equivalent

effectss: they both reduce oy e

In the ncxt chapter, which is the last of the theoretical development,
the time development of the structure of the cumulug layer will be related

to the fluxes through cloud-base ( W Fbr); %’f‘; and the 'free'

Db Fup:
atmogphere above the convective boundary layver.
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Chapter 5 The Cumulug Layer

Introduction

In this chapter the cumulus model will be ctosed. The fluxes into
the cumulus iayer through cloud-base W]:)b s Frgs
chapter 4 from a simple model of the sub-cloud layer, assuming certain

F g1Fy, Were calculated in
characteristics of the cumulus layer (the stratification and the water vapour
input parameterised in 4. 8),

The problem of lapse rate siructure in the cumulus layer, first
considered in 3.8, will now be examined in more detail. A simple two~
layer model will be constructed in 5.2,

This model will be used for the instantaneous distribution of poten~
tial temperature in the cumulus layer, When budget equations and the
boundary conditions are added, one obtains a closed system of equations
for the time development of the cumulus layer (5.3). These quantify the
factors controlling the rate of rise of the top of the cumulus layer:
principally subsidence, variations in the height of cloud-base, and the surface
sensible heat flux,

A similar set of equations is then proposed for the time development
of the water vapour distribution (5. 4).

As in earlier chapters, vertical shear in the horizontal wind has not
been considered, though this may alter the dilution and dissipative parameters
used in 5. 2 for the ascent and descent of a 'typlecal' cloud. Eadiation oo has
been neglected, and liquid water is carried with the air in the clouds,
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5.2 Lapse Date liodel

.
—————"

A guantitative model of the lapse rate structure of the cnmulus layer

as a function of tinee is a very complex problem unless drastic simplifications

are made. e shall make the foliowing assumptions:

(a) a two-layer approximation : see Fig. 5.2.1

{b) a single scale of cloud : a "typical" cloud

{c) 8 girople 1-I" model for a typical cloud

{d) an instantaneous equilibrium between lapse rate structure,

the typical cloud, and T (see Fig. 5.2.1)
Fig. B.2.1 shows the simple 2-layer structure which will be modelled,

T

24 %
22* T A
AT
| N
fal ZJ;
z n l k4
b

Fig. 5.2.3
T i the mean value of 25 /27 from top to bottom of the cumulus
layer. Dy definition

+ 1. 47 = TAz

2

5.2.1 r,8%,

where LF =80, +487,

The most sigpificant of the above simplifications is (d).

In terms of Fig. 5.2,1, we suppose that an instantaneous equilibrium
existg such that T, T,, 4Z;,8%; are at ail times functions of T, 4% oaly,
and not of their time derivatives. This hypothesis ig likely to be a pood
approximation even when T and AZ  change with time, and gives useful
results which can be tested (see chapter 6), In addition to 5.2.1, we reguire
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2 further relations to determine I , T , supposing we know T

424
| 2 Az,
and 47 (for which equations are constructed in 5,3}).

To obtain these relations, we assume an instantaneous relation
between the (characteristic) stratification and the typical individual cloud.
The philosophy of the modification of the mean atmosphere by the cumulative
life-cycles of many clouds, whose life-cycles In their turn depend on the
stratification, was discussed in 2.3. If one considers % = O , then the
clouds cool the upper part of the layer, that 18 destabilise the layor, and
successive 'typical' clouds become larger and ascend higher. The modifi-
cation of the stratification and the deepening of the cumulus layer procced
together. The problem becomes tractable if we assume a one-to-one
correspondence befwaen the two-layer stratification, the regions of warming
and cooling and therefore the ascent and descent of our typical cloud., This
wags shown sshemsticslly in Fig, 3.8.5,

1t is then possible to write two further relationships based ona 1-2
model for the "typical’ <loud,

{i) 4 kinetic energy reiationship:

If we nerlect the small ¥, B, input and buoyancy deficit
at Zy, s ascending saturated air gains upward kinetic energy
in 42, and overshoots to 7, before falling back.

{ii) A thermodynamic relationship
is indicated by the path of the typical parcel shown on

the ©,,2 diagrams (Fig. 3.8.5, 5.2.2).

Fecause of the agymmetry between ascent and descent with

dilution (sce 3.5}, saturated cloud zir descending from 2 5
ovaporates all its liguid water and comes o potential tempera-
ture equilibrium with the mean atmosphere long before reaching

Z ¥7¢ shall assume that the aiv of our typical cloud comes

b L
to equilibrium at 7 4, 80 that the regions of heating and cooling
during the life-cycle of the cloud coincide with the two layers of

different lapse rate.

As far as the temperature structure of the model is concorned, the
cumulus layer is not being modificd by mixing of cloud with environment at a

different temperature, but as discussed in 2. § by compensating descont and
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ascent in the environment. The modification is considered in 5.3: in this
section we determine instantaneous values of 1‘1 , T 5 in the two layers by
relating them to two rclations((i) and (ii) above) fox a typical cloud. Since
dilution is of great importance in (ii) {and needs to be congidered in (i) also],
wo shall first discuss a relation between dilution scale length S, and the

depth of the cumulue 1ayer,

Dilution Seale Length

The scale length S was introduced as a parameterisation for
dilution (or entrainment) in 3,4,

A s
Mdz — 7

w

4.4
4.9

1
S

o4+

for ascent and descent respectively.
5 is a parameter about which we know little, although it will be recalled
that Simpson and Wiggert (1969) and others have used the similar rclation-

ship (sce 2.2.1)

1AM C.2
5.2.2 ¥z - p

where 2 is the radius of a cloud tower. They found good agreement between
a 1-T2 model, and the height reached by individual towers, assuming a to be
constant,

In 2.5 we also noted that two models of a convective element predicted
a -
5. 2. 3 "d- Ve 2

for 2 dominant cloud size, In both models d iz the depth of a layer of con-
ditional instability, which corresponds most closely to 47 . in our model,

the layer over which the cumulus clouds gain upward momentum, With these
considerations in mind, 5 will be parameterised directly in termsg of 472 4
and for simplicity is agsumed the same for agcent and descent, -

1 E
5.2.4 3 = AZ,!

We shall find in chapter 6, that the model predicts lapse rates well with

E = O,%, which means that 5.2.4 and 5.2. 2 ave equivalent if we assume
5.2.3andd ~ AZ,I .
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Thermodynamic Eolationship

Fig. 5. 2.2 shows the ascont and descent of our model cloud, which
rises to 2, , and desconds first evaporating its liquid water, and then 'dry’
to potential temperature equilibrium with the environment at 7 o {sce also
figs. 2.5.1, 3.8.5). The physical conscquence implicd in this diagram is

that the uppoer layer is cooled, and the lowor warrmed (soo 3.5).

¥ig. 5.2.2

neglecting T,

N

If we usc thc dilution rolationship 3,4.13, we obtain for the ascent
and descont of a parcel by integration:

_ . (BZ 4+ 2820 /5 -2AZ2/5
5,2.5 0, (8} - 8. pp} = ILise +

. et
- 2Ese B2a/S | T a%q 4 T8

{Tgwl',i)Se

where 6, (p) ie the value of 8, of a 'parcel’ anconding through cloud-base,
Lb L
o?_f{;;) in the value of Gy of a 'parcel' descending to Dy
The simplification hag been made in 5, 2,5 (and Fig, 5.2, 2) that

5.2.6 be{p) = E}b

which ig of little numerical importance herc,

The condition that air finally descending with the evaporated eloud
regidue to ?:,: , hag the potential temperature 'é'w; , 18, using 5, 2.6

5.2,7 SLfip} -9 . {p} = T, 8%,

Lk
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Combining 5.2.5 and §. 2.7, we obtain after a little manipulation
EEVENRL Ve

‘Ii e JR—
Y AVE

T, °

1 - Zo
1

Om this model, the ratio of the lapsze rates is solely a function of
8F4/6%- and AZ4/8 = E .

Expanding in powers of £%Z4/5,4%5/8, wo find that the first two
non-zero terms in both numerator and dopominator give sufficient accuracy,

and after rearrangement, we obtain

o~ L oye . .
( m1}(i‘u*}§ {'T + ;i,g‘_é{] fjé.z.f)

I 1B VA S By
Tz 4 . 829
28
Substituting 5.2.4
£2.9 T, Diegy/6m)" (14 B(82,/82,))
T2 1 - E/2

This will be used as 2 thermodynamic relationship between I’,] / 3"2 and ﬂZ,g/ﬁi‘ig .
The dependence on the dilution parameter E is indicated in the following

table,

Table 5.2, 1

B 84, /b%.,
I % o3 o6 o5
1.0 .75 0.86 1,00 | €— Lower limit on 0624/8Z,
G.5 1,05 1,16 1.35
Col T - P T

Therc is a lower limit on 42,/87,, for a glven E because ?1 < 1‘ .
Eg. B.2.9 predicis a relationship Lotween I’1 /Ta and 4 ’2:,1 A 22
which may be tested, Values of T . /I‘2 of about 9.5 and 0.1 arc typical
of convection over Iand and beneath an invergion, respectively,
Aa dilution of cloud by the environment, parameteriscd by E, is
not well understood, there may be somo dependence of B on other varisbles
such ac vertical shear in the horizontal wind, Somc caution is thercfore
necessary; in the zbsence of further theory, one nust depend on observations

to provide values for E (9ce chapter 8), However the work of S8impson ¢t al
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{1965, 1989) hnco clearly shown that the range of posgible values for the
ontrainment constant in a 1-0 model of an individunl cumulus cloud iz very

limited {see 2.2).

Kingtic Encrgy relationship

Thore is a sceond independent relationship in wot convection betweon
the ntratification and the typical cloud path, doponding on difforences of 6
rather than 81; . The pat | h of cloud potential temperature on agecent is
shown schematically in Fig, §.2.3. The potential temperature difference
at cloud-basge io neglected (ond likewise the upward kinetic energy at cloud-
base), An average value of T, in the cumulus layevr can be used as

g first approximation.

Z’) ; T “f; *‘:’ff“
§ /
E £ ?2
7 i __.éf_<§/
1 ; :\
H +;
3
§ I Lo
f 7
Zy, l R 4
]
i .
2, ‘Q

Fig, 6,2.3

The shadoed area, equivalent to the pegitive area on a tephigram
between parcel lapee rate and the mean gounding, is well known to be a
measure of the maximura available potential energy for an ascending parcel.
The‘simpmst treatment of the problem would be to suppose the parccel ovor-
ghoots to gome height (7 2 such that the negative area in Fig. 5.2,3 squals
the positive onc, Then

f ) 3.. w— T A2 L v 2 - - B ;}
B 2e 10 2(?{33 T,{} c.luq( fféé,i +B%) = Q{FE ?{2‘§>{&?)2 a5
where 57 = Mﬁz
Ty =T 771

However thig is likely to be a poor estimate of 2 2 for several reasons.
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(a) 1.1+ » the parcel lapse rato for ascending naturated air was
derived by diluting an apcending cloud with its environment
{see 3.4). The environment 18 not ascending with the cloud,
but is mixed into it by ‘turbulencce’ of unspecified character,
thug sharing the upward momentum of the cloud. Thig is 2
procoss involving a transfor of kinetic energy from the senle
of the mean upward motion of the cloud, to a smaller 'turbulent'
g cale, which continues further dilution, (This is analogous to
the collision problem in particle mechanies - gee Telford:

1966, 19349),

(b} The kinetic energy of the mean motion generated by horizontal
temperature gradients is shared between horizontal and vertical
vaeloecity, This reduces the maximum upward mean velocity of
a cloud parcel and has been variously parametericed In 1-B
models as a drag or virtual mass coefficiont {oce 2.2).

{c) In flow where ghearing io substantinl, the convective circulation
may bocome arganined go that the kinetic energy of the low level
iéﬂow is nddod to that of the updraft. Thic occurs in organisod
cumulonimbug, and may bo a feature of ordinary convection,

although no relevant observations are known to the author.

In thia thesis we shall not conpider the effoets of vertical phear in
the horizontal wind, and will only modify 5, 2. 10 by introducing a parameter

D < 1
to pive
: - _ 5 2
5.2.11 WT,, =Tpea {8z, +84) = (T,-7_ (82, -52)
where 57 = —ei”T1 Az as before .
?2*'?@,? 1

An entimate of I will be made from a 1-D model. Eg. 2.2.2 (se¢ Simpeon

and Wiggert: 1969) bocomes in our notation

2
- W

5.2.12 BN R . ££ . Ig
4z {2 ‘¢ Ty S
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This cquation can bo integrated for the path shown on Fig.5.2.3 to give I ag
o function of S, and honee of E (gec 5.2,4)., I? does not depend on tho factor
{ 1+ v ), but does depend further on ::si%fi 7 &Za . The solution for U thus
requires further iteration of the set of equations 5.2.1, 5,2.9 and 5,2.11,
which ig not justificd by the approximate nature of 5.2.11, The problem
will be simplified by using valucs of & which arc functions of E only,
estimated for the case of B4, BZ, cqual ,

These values are given in Table 5.2, 2,

Table 5.2.2
B o
U, 3 U.6
Goh 0.5
0.5 GLh

These numbers are epproximate, and are given to indicate the trend and
magnitude, Table 5.2.% is not very eengitive to slterations in Dof  F 0.1

for the same value of IT.

HSolution of lapse ratc eguations

For given volues of E, 1, T and I’cqaquaiiana 5.2.1, 5.2.9, 5.2.11

have a uniquo solution for
r., 1., &Z,‘jﬁz?

2

for all

This solution o independent of A%, which must be found by integrating the
time development of the layer (see 5.3). 4n cquation for T will also be
given in 5,3, while E‘C 1 {see 3.4.8) depende significantly on the water vapour
content of the cumulus layer (sec 5,4). Diffcrent average values of I“g ?in
layers 1 and 2 are appropriate if the cumulug layer io deoeper than ono or
two km, ag rw and the saturation deficit of the environment (rg-r, rhange
with height. A single value of I‘C 4 in the curaulus layer will bowever be

uzed here.,
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The form of the solution is that as T increascs; T, increases rapidly,
while I, alowly docreases and %%?@ increapes, This is indicated in table
L
5.2.2 for comtanﬂé 1 B, D. The agreement with obscrvation scems

encouraging and will be discussed in chapter 5,

Table 5.2.2

(v ] m"i
s B2,
_ AZ~
I D Tet T T, g
Doy G5 L,U b4,% 30k 5.8 1.
Coe 0.5 e 5.0 2.8 7.9 1435
G G.5 b.o 6,5 2.0 16,0 25

The qualitative intorpretation of these solutions are as follows,
We have neglected the negative buoyancy and upward kinetic energy
at cloud-bage, oo it is necessary that
Iy o< Iy
in ordor that the model cloud gainag upward velocity,
i T < I'C ’ then ascending saturated air can nover become
negatively buoyant {(saturated parccls will ascend into the stratosphere, where
T becomea greater than I, again).
¥ T islarpge compared with I‘ﬁ , thon ginece
Lo« T,
it follows from 5. 2.1 that T, must bocome large. (42,/4% gcannot become
amall}. The modal saye that the lower layer ‘Z‘b to Zq , will destabilise
until the model clouds overshoot sufficiently far into the very stable layer
L, >3 2fmf parcels falling back from 7 to come to equilibrium at 2.
The 1ast row of numbers givon in table 5.2.3 are not inconsistent with
convection bencath an inversion, even thougb radiative cooling has been

neglected (sec also chapter 8).
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Conclusion:

A simple put physically uscful model of the lapse rate structure of
the cumulus layer hias been constructed., The least well defined asoumption
that has been mnde is that of instantancous equilibrium, There will he
gituations where the nature of the underlying curface changos suddonly,
whon the assumption of av equilibrium structure will be incorrect, However
i gencoral ithe asgumption may be reasonabic: only comparison with cbger-
vation will toll,

However this agpumption is fundamental to the approach of the model
of tho cumulur layer in 5,3, since the heat transporig in the cumulug layer
by the cloude ave gpecified only i torms of the fluxes through cloud base
and the lapec rate structure, No attempt will be made to calculate

W ’ ’ﬁi-?xi ete, )
These can be inferred (if required) from changes in 9 deduced from the lapse
rate model, which incorporates the mochanics and thermodynamics of a
typical cloud,

It should be appreciated that there is no cogontial difference between
maintaining I‘? R EC ai the cumulus layer deepeng or gets warmer, while
tooping T constant; axd changing I . I‘2 if T changes in the courso of

the timo developmont of the layer.



5.3 Time Development of the Curmuidus Laver

aiali
5.3.2

Part 1 : Temperature Structure

19&;

In this scetion an important set of equations is constructed to describe

the modification of the twolayer cumulus model by the heat transports imposed

by a ficld of non-procipitating cumulus convection, The nature of this modifi-

cation process; the warming of the lower layer and the cooling of the upper

layer, was discussed in detail in chapter 3. The convective mass flux and

sensible heat flux info the cumulus layer through cloud base werc modelled

in chapter 4. The lapse rate model of 5.2 incorporates the @& transport, and

the mass tranaport of a typical cloud, Theso transports by the clouds are made
gquantitative through the lapse rate model, and the inputs at clond-base.

As indicated in chapter 1, the usc of levels whose heighis vary with

time as the depth of the dry or cumulus layers alter, complicates the hoat

budget for a layer, but simplifies the parameterisation of the convective

-
transports. Analogous to the definition of § in 4.8, we define average

AZZ

1 qu
= M(i‘
2 P 9%

Z;)_,N
= J “éf:)dz

el

1

variables for the layers 4 7Z o

Y

|
2

i e
3 [
sk
(a3}
o

where
bpq = Pp - Py
bpp Pq =¥,

Fig. 5.3.1 servos to define the variables of this scotion.

0o

—

Fig. 5.3.1

.w“)m

layer &

layer 1
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The algebraic simplification will be made that ¥ is indopendent of height in the

cumulus layoer,

Heat Balance:

The heat balance for layer 1 can be written, using 3.10.4, and tho
definition 5, 3.1, as

5.3.3 ﬁ;{gﬂép@} = %p(é“bawi*‘i,%i‘ - B4 g%?ﬂ * 555%% - W1, o
Similarly for layer 2
4 5@ g ~ 4 ~ d ~
5.3.4 71(0 8pp) = < o1, - 9,7 Py + Oq3p Py = Wi fpp
since FE?@LW o

These relations, like many of those in chapter 4, are simpler to handie
numerically In pressure co-ordinates, However n the holief that if is
caaier at first rcading to understand the model if the equations are ox~
pressed in height co-ordinatos, the density variations in the cumulus layer

will be neglocted from here on., 5.3.3 and 5.3.4 then become, after expanding

the L..H.S.
o= —
) 4 = Fb{) P ~ ol a4z - =1 dzb —~
_ ALn e § g e - 18%L (G - =1 - (e - B )__. -~ W . AZa
5.3.5 13%¢ By Po, T at b dt 101
q F 1, w F:’.,“E dZs _ .z ‘::-2 dZ,
5.3.6 ﬁéé }i’g 5 = 'Bj%; + (@2 g )liﬁ {§1 G }M{it 325?..2&32

where o is a moan density.

These are the heat budget equations, and defining relations for the variables
=1

0,8 . Fg is an input to the problem (4.6.6), but F, . is an unknown,

18 L
Ve shall relatc 'éb ' 51 » B4 etc. and their time derivatives to the lapee

ratc model through the following definitions (only approximate in height

co-ordinates)
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5.3.7 ?E ‘*Qb = }éf»’; ISZ,%
5.3.8 B,-8 = BT, bz,
5.9.9 54-6, = %1,41,
5.3.,10 §,-0° = #I,0z,
With the further definitions
5.3.}-1 &21 s ’Zf'? - Zb
5.8.12 Bap = bp = 4
5.3.13 f.SZr s d':\?fq 4 ﬁZZ

it is possible to relate the budget equations to the lapse rate struecturc and
its changos,
Combining 5.3.5 with definitions 5.3.7, 5.3.8 and 5.3.11, wc obtain

o Figp dby, o, dZp w1 a2 d
£.3.14 Pep P, T szl 357 - T,0 550 - Wi 3 M0 T,

This equation will be uccd subseguently to eliminate F,; py from 5.3.85

{sce 5.3.16). However it is helpful to intorpret 5.3.14 first, and relate it

to the discussgion in earlier chapters, Weo sce that given . *%’% y Da from

the lapse rate model this equation gives “i"‘,fa ;, since Fbe’ a8 b/ dt, di:’zbf' dt
wore determined by cquations for the sub-cloud layer., Indeed if we substitute

from 4,6.10

8y _ 4%y .5 .
4.6,10 b (D -F, - W)

we can re~cxpress 5,.8.14 in terms of the conveetive mass flux through cloud-

base W bh detormined in chapter 4,

P i . .
b _ ZI8L . . A - - A
5.3.15 pep £0, &31 <W3§>P’l 2 B2 at )

Finally we can recover Eq.3.10.6 by obgerving that the term dl‘,g/dt ig

agsociated with a variation of Wy with height. Since

aF  _ -
3.7.5 % T (W + WD)T»]

G4

differentiating with respect to Z |, gives
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a . . o2
g o= ~Tas

since ¥ has becn assumed constant, and §;§ , is a function of time only.

Hence -
Wo(z2) = W - 224 4

b T T, o aE

S0 5.3.15 can be re-written

Fep  Tasr

Pcy o Py

3.10.6 = - w, (2} T, 43
Zy
We have shown how 5,3,14 ¢can be re-expressed in terms of the mass flux
model. However this is not how it will bo used in this chapter, The lapsc
ratc model will give aT, /4t directly from a¥/at  (see Eq.5.3.19),
and hence we shall be able to eliminate }?‘EQL from 5,3,5 and 5.3.8.
It is possible to test whether the value of dT, /4t demanded by the
assumed instantaneous equilibrium of lapsc rate structurce gives an unrcalistic

value of aWD/ a% . ‘This requirves further study of individual cumuli,

Solution for @%4/4t

Returning to 5.3.14, we may eliminate F from 5,3.6 (the other

18L
budget equation), using also the definitiong 5,3.9, £.3,10, 5.3, 12and 5,.2.1,
i
togive dz_/dt . é‘-f";
'.5’?1 :
bz 4§ LB
azq _ By w7 . p 4%
3.3.16 it - (T,-T B2 {dt + W= 0 ci*%;}
2 1 2 .
4 A

2 Z v
L7 ar &% al < !
L AR B 7 N o 4l '
(To=- 14 }azzi 2 at 2 dt Iy
This equation looks complicated, but gualitatively it repregents the downward

heat transfer which cools layer 2 and warms layer 1, lifting the level Z,
between the two layers, The second set of torms I8 small under some cir-
cumstances: when tho lapse rate 1., 1> in the two layers do not change
with time, typically we find ?b@ << F, g °

Wo noto the following

{1 g%%} s iwi—b, %?b 6 are given by the solution of the sub-cloud

layer problem. Given the large secalo E| , T (which determines
T, T,,08,/82,: sec5.2)and al/at  ({to determinc dT, /dt, aI,/dt),
we may find eiz,l /6t. The cquation for T will follow.



http:Eq.5.3.19
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(i) It is clear that rising cloud-base and subsidence (W negative)
both reduce d?s,x’ﬁt m deeroaacs as the depth of the sub-

(iii) 5.3.1% can be re-arranged for comparison with 5.3, 14 and with

cloud layer incvenscs, bei*zg related to do ,fa,:zf; and ——

the subscquent discussion made in terms of ??Db

¢ 929 _ _ zi@ _ 47, _ = omuller

5.3.17 (g - N@p- 1, = aaig? - UGN - f o« T,
= ~AZ W T + smaller
5 terms

Mathematically the additional dependence of 4% 1 /it on ¥ apwell agon
W'«‘}b {itself W dependent) ia clear, Physically this equation is a statemoent
about the downward transfer of heat, Neglecting 4T ’ /at, al_/at, ¥

1&3

b
Fron =P¥pp 1
¥ W = O, wc obtain the very simple case shown in Fig, 5.3, 2 (sec also

Fig. 3.10)
4
1\
2B A7
2 {"r)g = o T 5z,
Y
1 ;
38y o
P \éi}E = ¥ 4
' +
> 5
Fig,. 5.3.2
For continuity of temperature at Z,}
Spy 3 (.52?.) - (,@;é;]
(L-TP 7' = 5t ), St

After substituting for \—%f (é—%) we rocover 5,3.17 for W = ©,
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Summary of hoat budget -

Given F, a3, /dt az, /at , and W

oq. 5.3.14 gives k?@L

oq. §.2.16 gives dz,%;ﬁt
provided the lapse vate model is usoed to relate E’g 51 20 %; to T at an
instant in time. An cquation for T as a function of time is therefore necessary.

Eguation for aT/at

This connects the deepening of the cumulus layer, subgidence, the undisturboed
stratification above the cumulus layer and the sub-cloud layer. The boundary
condition at the top of the cumulus layer is

a6y _ r.¢ %o

-
ErE AT W)

Whernsdfollows {from definitions 5.2.1, 5.23.12 and 5.3.7 t0 5,3,10) that

o %> _ % §§.§}
5.83.19 {? 82} = ?5( 3T W St

{Compare 4.3.7)

The model is now clozed.

W,T, arc assumed known,
>

dZ./dt, d4Z/dt are linked throupgh the lupss rate nodel
to T, 47,./dt (5.5.16) and A4z, /3t ,

de/&t, d@b/dt are sclutions of the subw~cloud layer problem,

It follows that onc can integrate 5.3.19 to give T 4as a function of time,

and hence T 10 I'p fg;-“‘ as functions of time, using the equations of 5.2, Given

A 2_ o
= , &7 iz then found by intograting %E-", and 4z, /dt  togive 42,

A«,wa
It is illuminating to expand 5.3.15

d = myd as - 43 s
F ot = - Tyt - 2P EZah
5,3,20 Ly TS T = (}‘3 ?}dt Zs T wIr,o.
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This is an important equation as the magnitude of T was a sensitive control
of T 4t 1‘? in the model of 5.2. Increagsc of T {for constant FC 4 }
increased (I‘E - I‘,l}, which reduces 42, /dt (see 5.3.16).

Interpretation of 5.3, 20

{a) %b given by the sub-cloud iayer problem,is related
to the warming of the sub-cloud layer {as 46
isnoexdy constant), 'This term reduces T
continuously  {(*destabilising'’) .
{b) W negative (subsidence),increases I ('stabilising') .
{c) ;?gzb positive (rise of cloud-base) increases T ('stabilising'),
{d) g positive,increases T f I, > T and vice versa,
qtre 3

The feedback hoere is complicated, but we see there may be a
tendency in diurnal convection for T to increase while cloud-base is rising,
and then to decrease in the afternocon as cloud-base stops rising, As T
decreases towards T __ , the model I, tends to I , so that -g% increases
rapidly, However once the cumulus layer becomes deepor than a few km, the
clouds will begin to precipitate, and this modcl will cease to be valid.

There ig a steady state solution for T given, for 7, constant, by

By _ oyl o=
5.3.21 3 = (ri ,I}dt Zs Wii‘}

This {8 a valid solution only #f it is attained for a value of T > I‘G 4 It may be
relevent to the lifting of the trade inversion, although the radiative fluxes must
first be added. Radiative cooling acts in the sense of continuously increasing T,
by reducing 43, /dt more than 43 ,/dt ,
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Summary of 5,2 and 5.2

In the cumulug layer 13 undetermined variables have been used.

y Ygi T 1 égz}! ’ézzl &Z‘) th Z’{Es FﬂiGL‘ g,‘a ﬁgi 6$ 8

11
There are 12 independent equations and dofindtions:
5.2.9, 6,2, 11 {lapsc rate model)
5.3.5, 5.3.5 (heat budget)
5.2.1 and 5.3.7 to 5.3,18 {definitions)
5.3.19 ( T . upper boundary condition )

This set is soluble, giving all variables; in particular

T, T, T, 2y, 2,
as functions of
d&bg’dt, dzb/dt, Fog? W, §‘§ and time.

Equations for the cloud-base variables were discunsed in chapter 4; %ﬁ

ang 1’3 in the 'free’ atmosphere must be known,
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Time Development of the Cumulus Layer

Bart IT : Water Vapour Structure

In this section we examinc the time development of the water vapour
distribution of the cumulus layer, As discussed in 4.8, we require (a7 /.:}2;}%
in order to compl ete the water vapour balance of the sub-cloud laycr, This
in turn is esnential over land to find the surface fluxos of sensible hoat and
water vapour.

The general approach will be clogely similar to that of 5.3, We
5 Are now fftej?imd {by
5.2 and 5.3), and the unknowns are {af/am,; R (a%’,famg, ¥, T etc,

congider a simple two~layer model in which Z,i s &

Diagramatically
Z
A
5{32 =~ *‘%“:
Z o
1 T Ty? rT
£y
5 L 4
b Tg%}z‘
2T
Fig. 5.4.1

For simplicity the variation of air dengity in the cumulus layer will
be neglected, so that the budgot equations for r in the two layers (the
analogues of 5,.3,5 and 5,3.6) are

) a =1 ¥ ) P -1 a =t 4 -
AZy e P oz el . 22T = . & -G 3 -
UED pL pL P EmF 0T B - By F gy G- W
By o B _ArT mENE o rr S, _wier
2 3F ° 3 -t-{rz r‘}éts&;ﬁ (:c*,§ ?}dt‘?"? ?f( }
Z
=1 g,..
where z:&?r = |y T 4%
b
%
=2 2
AZp =1 r 4z




114,
v /pL o= (T )
Py pp/P T {W' (r’ * g >}z
Agin 3.8.3, wo noglect c:?:xaages in i«'I compared with those of ¥, An
equation for Fyo has alrcadz/lbcen derived (4.8,3) but L ig an unknown,
We shall again relate Fb y T snd thelr time derivatives, to the vertical
gradient of T through the definitions

—

5.4.3 F -5 = % (3%/323, 4,
5.4.4 ¥, - Flo oy (9% /32)., 82,
5.4.5 FO-F = % (0%/02), 0%
5.4.6 r, - T4 ou (a%;az)gaz"

The validity of this two-layer model for the water vapour balance will be
commented on later,
From scction 4. 8, we have the pair of rolationships (here we

have assumed o , W constant above Zy)

F
4.8.3 _br ; & g
AL = i‘g"g};j{ro rb}
e (eE) (8, _ =% For( 1 2
4.8,1{) EY r’b = (&ZL \étﬁ;b - W - WDb) &“QL < - ?{Qb 37 W b

There is also the upper boundary condition (compare 5.3.18)

d ~ ar d “*\

We consider, for the purposes of this gection, that we have the 9 undetermined

variables
3 F "‘"’ r "'I'i ;‘1 ’%:2 ...%.%.. _’?_?.\
br? “arpt Tpr T Tor T Ty 392/, 8z,

We suppose the following are known:
r {which over land requirec simultancous solgtion of the

0
sub~cloud laver),

W, (9%/07) 5 from the large-secale data, and

d o] d d .

TeZb v Wpy o "é“éwl}b . ggzq v 3il2 from 4.7, 5.2 and 5.3.
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The set of 9 cquations and definitions

5.4.1, 5.4.2 (water vapour budgot)
4.8.83, 4.3.10 {lower houndary conditions)
5.4,% {upper boundary condition)
5.4.3to 5.4.8 {definitions)

can thug  be golved for the 9 undotermincd variables, given an initial set
of values for gb’ '554 . ?2, (9%/02) (é?;f{fﬁz}g. In particular we can
find

(3r/92) , (8%/92),  as functions of time.

The procedure is straightforward .
Starting with & set of initial values for (8t/92), , (37/82),, % :

wc have ?b and ¥ (knowing ¥, , 2,,%.). By combining 5.4.1 to

br
5.4.6 , we nbtain the analogue of 5,3.15 (or 5.3.17).

St - THE fé?.} _apddy [ (z%.. _rﬂ_,.__@.r
5.4.8 (cié:’i g{géz.“xm b2, = b2yFere - Gyl \aeke - ¥ - A
2
2

\5%
from 5.4.3t0 5.4.8 and 5.4,7, This is the analoguc of 5.3.19

S e s
A second equation in the time derivatives of fi’-:-‘l) , (gﬁlia is constructed
2 .

F w\‘ i ) Foax f may
Jar d ps g -~ d arl .. {ar
5.4.9 \53 (ﬁtza - W) R AL ik 2’;}5"{’1 13 5*32}

df, /dt  can bo oliminated from 5.4.8 and 5.4.9 using 4.8.10 and the
resulting pair can bo solved simultaneocusly far%{%‘%} é%ggi) .The time
1 =
development of the water vapour structurc of the model is thus unigucly
determined. Cne can integrate forward in time from any given initial

state (which may be before the onsct of convection),

The weaknessg of this model lies in the specification of a two Iayer
straight-linc approximation to the water vapour distribution, inwhich (37/2% }§ 3
(3T/32) - are functions of time only. We need only to speeify %%h to
uniquely determino tho time development, and implicitly the distribution
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of the water vapour input to the curmulus layer, This may well be too
restrictive. It may be necessary to specify both the stratification and the
input of water vapour in more detail, The model used in 5, 2 to obtain a
thermodynamic relationship for the rise and fall of a typical cloud could
be extended, and its implications for the input of water vapour to the cumulus
layer cxamined.

A8 we have in this modcl specified the water vapour input by the
cumulus clouds only throurh eq. 4.8.19, this cquation becomes eritical,
and deserves more rigorous cxamination both theoretically and observa-
tionally., Cne ghould consider the input of water vapour to the cumulug

layer over the whole life eycle of a cloud.

Summary

In chapters 8, 4 and 5 a simple closcd model of cumulus convection
has been develoned., The main convective interacticns of the non-precipitating
boundary layer have been outlined and made quantitative. The effects of
radintive transports and vertical shear in the wind have been omitted., Most
attention has been paid to the physics and structurc of the cumulus layer;
the treatment of the dry convective layer has becn relatively brief, but can
readily be extended,

The main predictions of chapter § have becn the following:

1

1) the dependence of lapse rates T in the cumulus layer on T

1
the moan lapse rate from cloudqbasi to the top of the cumulus
layer (scec 5.2). For examplce, wo noted the dovelopment of an
inversion for largc T , and the roquirement that T > I“C 1 during
cumulus convection; both from a simple parameterisation of

‘entrainmont',

(2) the dependenee of T on dﬁb/dt,dzh/dt and W (cq.5.3.20)
(3) the dependence of g%—" on dgb/dt,tlzb/dt and W

(cq. 5.8.16) (and dZE/dt)
(4) the time devclopment of (37/32) ,(a‘f/az)a (scc 5.4).

This modcl for the water vapour structure is considered less

satisfactory than that for the temperature structurc,


http:eq.5.3.20
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In the next chopier wo shall examine some data, principally from
a day of convection in the tropics, in the light of this model, and test somc

of ite predictions,
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Chapter 6 Observational Evidence

Introduction

<
[

The raodel proposed in the last thrce chaptors prediets the mag-
nitudcs of the transports and the stratification in the conveoctive layer in
a wide range of mote orological situations. The available data needd to be
re-examined in the light of the relationships and prodictions that havc been
derived, and this is a major task, In this chapter only some limited aspects
will be compared with obscrvation. These cannot adequately confirm the

theory, but indicate

i) that the theory gives insight into the stratifications and transports
observed in certain zituations, bearing in mind the considerable
uncertaintics in the data;

(ii) what mmethods might be used to test more thoroughly parts of the

theory .

We shall cxamine principally one day of cumulus convection in the
tropics. The temperature stratification will be analyscd using the model of

5.2, and W b will be catimated from the time development of both the sub-

D
cloud layor and the curmulus layer, In 8,2 the casz of cumulus convection

beneath an invorsion will also be considered briefly.

NoTE (2012)

Abis &« a volbar Cayalier mpé:);q Suged on
a Sigh day 4 Lofa /
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Analysig of the data

The data used weve obtained on 3rd Septembe v 1983 at Anaco,

Veneczucla during Project Vimhex: 2 joint undertaking botween (lolorado

State Univergity and the Venczuolan Meteorological Service., The following

were available

it
(i)
{iti)

(iv)

5 radiosonde ascents at 0730, 1202, 1200, 1400, 1600 (local time)
hourly sereen measuroments of T, T

surface radiation datn: downward and roflected short wave and
not radiation

time lapsc film from 1515 to 1700 (loeal time). This hag not

beon used quantitatively.

The goundings were plotted at levels up to 100mb {the tropopauso

was af 126mb), and then adjusted to give a constant mean tomperature from

the surfacce to 100mb as follows., The heights of the 100mb surface zbove a

fixed pressure lovel (289rab) wore made eqgual by adding 2 constant

temperature corrcection 8T to the sounding at all Ievels (see table 6,2,1),

{2)

Table §,2.1
¢ ¥
i -
o 3 Rr TE ., ]
Local Z2=0at 989 mb T=260°K
time Z {100 mb) [} &T
0730 165545 m
100C (6554 m
1200 16596 m | 4+ 4Em -, 70
1400 16698 o - 56 +0,9°¢
160C 16554 m | |
! i
Comments
{1} The 100mb height givon by the sounding at 1000 hours is an

extrapolated cotimate: the sounding reached only 130mb,
but it closely corresponded to the 0720 counding up to this
height,

The above procedure is open to criticisrn. Its justificatinn

is that therc is no systematic irend during the day, Further
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the sounding at 1400 hrs when uncorrected is wholly cooler,
and the sounding at 1200 hro noticoably warmer, than the
soundings ot 1600 hrs and 1300 hyg, throughout the depth of
the troposphere.

{3} The procedurc affeets estimates of the heat budgoet of the
convective layor at two-hourly intervals, and of the surface
fluxce. We shall find that with these gimple corructions,
the mean temperature 8 of the sub-cloud layer increases
uniformly in o plausible manner throughout the day. The

surface host flux estimates are also reagonablc,

Smoothing of the datn

some smoothing of the data was first necessary. The procedure

uscd was as followg.,

Burface data

From the hourly screen values of temporature and wet bul b
temperature were caleulated the surface r,. The serecnvalues of T, rg
were plotted agningt timo, togethor with the radiosonde purface data from
a diffcrent sitc about 2 km away, and then smoothed: seo Fig. 5.2.1, The
surface radiosonde data, particularly mixing ratio, did not fit the serceen
data very well, and were mostly ignored, This raises somc doubts about
the ropresoentivity of the surface data, which cannot here be resolved, as
data representative of the surrounding countryside (wooded grassland) arc

not readily available,

cub-cloud lnver

Potential temperature and mixing ratio were plottod againgt hoight,
and amoothed by drawing a straight line throurh the pointe below cloud-basgc
(Figs. 6.2.2 and 5. 2,8). There in a cortain subjectivity here: 00/87% wag
smoothed to the dry adiabatie, or a slightly stable lapse rate, and 9r/0% was
smoothed so that r decreased slowly with height, From this smoothed data
1 , ¥ could be eatimated. These values are tabulated as tables 6.5, 2 and
5.5.3. In this chapter wo shall assume measurements of 9 , r  are ropro-

sentative of horizontal means &, %,
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Cumulus Layer

Ay a similar procedure the tcmperature and mixing ratio in the
cumulug layer above cloud-base were smoothed, and the line extended back
to cloud~-base, Thus values could bo obtained for 5b s ;b , and hence 49,
and 4r dcfincd as

A = B, -
Lr = T
(sce also tables 6.5, 2 and 6.5,3).

M| @Y

Strueture of soundings

The soundings are all structurally consistent with the cumulus model

of earlier chapters., They show the following features: sce Figs. 6.8,2, 6.2.3.

(1) A superadiabatic layor, with a fall of 8 (of about 1 to 2° C)
and T (of about 2 to 5 gKgml) from the surface to the first
radiosonde data point (about 20mb} above the surface.

(ii) A dry conveetive layer, depth about one krm, in which 3 was
constant, or increased slightly with height (at about 0.5 °C km~1
and T fell slowly (about -1.5 gkg™ Tiert ). (Thus®_ increased
slightly with height at about 0,2 °Ckrm™ "' ). This layer extended
up to a transition layer (iii).

(iii) A transition layer of depth about 200m, in which there was 2 marked
increnge of 6 , and fall of T . The top of this transition layer was
teken as the level of the cloud-basc. The lifting zondensation level
of the air at screcn level was typically some 50 to 1001 lowcr,
However it should be appreciatcd that 8 in the air ascending
through cloud-basec is a degree or more lower than ew at scrcen
lovel, because of dilution in the sub-cloud layer, and the existcenecc
of the supcradiabatic layer,

(iv) A cumulug layer, whose depth increased during the day to several
km, In the lower part of this layer the lapse rate i;-% wag about
+£Ckm | and %r; wae about 0,7, consistant with earlier studics
of cumulus conveetion (Ludlam, 1968), A detailed comparison of
the lapoe rate structure in the cumulug layer with the model of 5, 2

will be given in the next section 6.3,




6.3 Temperaturc  stratification in the cumulug layer

In this section wo shall examince the lapse-rate model proposed in 8, 2,
The agrecment with obgervation is encouraging if we agssume E= 0.4, D = 0.5,
In addition te thege paramcters, the modcl noeds as input 4% ,'I'*' andl“c . From
these are predicted 47, 13232.,1i +1,, and onc may then congider how well this
raodel structurc agrees with a given sounding,

This wiil be accomplished subjectively by dividing the given cumulus
sounding by eye into two layers, and measuring the average lapse rates, 2,
estimated in this way essentially corresponds tc the minimum inf on the
gsounding. This proves a satisfactory method as the visual and modcl two-
layer approximations to the sounding agree closely. We shall also plot some
netual soundings, and their model equivalent in 65- p co-ordinates (Fig.6.3.1)

go that a visual comparison can be madc.

Procedure:

An averaps value for T the parcel lapoe rate for saturated air

¢l

ascending with dilution, was estimated for the interval éb to 4 " from
eq. 3.4.9.

Lo [rs(rs) - re)

3.4.%5 1.01 :Tw - cpT Kg

An average value of x*S(Tc)-—re for thig height infcrvnl was ¢stimated from
the sounding, an gimilar averages for K, I' | wore calculated,

The mixing seale length 5 was calculated from 5.2.4.

i
!

AZ,}

-

5.2.4

Dreliminary calculations indicated that E = 0.4 gave a good fit to the data,
and this valuc was used (the cffect of the variation of E is shown for the
Anaco 1200 sounding). The value of 4%, in 5.2.4 is that determined by
the model so that some iteration is nccessary to determine gelf~consistant
values for AZ’I » § and I‘C ’ in the model. Only a single valuc of I‘c 4
(28 mentionad, an averare for the layer tho Z'1 ) was used, but the

approximation involved is smaller than the seatter in the data,
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Thus, takingAz,T,%-% from tho sounding, the modcl has boen
uscd to prediot Lo ’ N2 zlljand T 5 A coraparison ig then made with the

sounding,

Anace Data

For the 0720 sounding, data wes availablc only at 50mb intervals,
anc as the convection then occupied only a shallow layer, therc was in-
sufficient vortienl resolution to teat the model, This sounding was not
used in this or the pubseguent sections 6,4 and 3.5.

Rata for the other four soundings is tabulatcd in table 6.3.1, and
the ezloulate? model  structure is compared with the two~layer visual
approxiraation to the gounding in table 6,7.2, In Fig. 6.3.1 the actual
sounding (black dotg) can ba corzparcd with the model solution {straizht
lineg). It is ivportant to appreciate that the model solution depends on the
choice of z‘b ’Gb s 532 yO > from which 2 g and the lapse rates are predicted,
The scatter in the individual points is considerable and in particular we
note that the choice of 22 for the 1600 sounding at the top of a marked
stable layer at 550mb is open to doukt, oy this time the moist layer
extended to 450mb and visual obgervations showed that a few cumulus
clouds recached even higher levels, Indeed, within the next hour a fow
cumulonimbus had devcloped. Thus it is probablc that by 1600 hrs thoe 2-
layer model of the cumulus layer, with » single size scale of cloud, may
have become an inadequate desciiption: some clouds worce beginning to
precipitate, and were deepening  until they were modifying ti:c whole
tropospherc.

It can alao be peen that the 1000 sounding, in which it is difficult
to discern any 2-laycr structure, does not fit the model. This sounding
showed very low values for the mixing ratio in the curaulus layer (much
lower than at 0730), which lead to the low valuc of I, 4 in table 6,3.2, and
which must thercfore be regarded as suspoct. Above 700mb the temperature
soundings at 0730 and 1000 hrs agreed very closely, so this level has been
tokenas 2 T

It is clear from tablc 6.3, 2 and Fig, 6.5,1 that the threc soundings,

at 1200, 1400 and to a lesser cxtent at 1500 hrs, fit the modcl quite well in
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Table 6, 3.1 Sounding data: Anaco: 3 September 1969

I -

mTI .q;l._ .T T L 7k
TIME Py Py Py D2 5 T O-lw S o K EPMK
1000 | 890 ? 700 | 2025 | +4.6 15,4 8 3.5 5.8

1200 | 850 ‘737 OLG | 2370 | +4.3 +5, 4 & 3, 4,6

10O | 825 o4 O 500 | 4075 | +4.5 +H.2 5 2.8 4.3

1600 | 825 675 S45 | 10 | +4. 6 +5.2 4,5 2.8 3.9

i+
—
t+
&)

I

Error | Subjectively assessed 20,1 +0, 1 +0,8
Units | mb mb mb i °C k=l g kg™l - °C
Table 6.,%.2 Model Calculation compared with sounding
INPUT MODEL SOQUNDING
. r T k= L rﬁ-re n _.II:_ 2 :-r- L 2 T
TIME | AZ Y T -(-:—p K I b 5 5 I‘cf; D I"l 5 I‘z Atfui ﬂZa 5 I‘1 é'rg_ AZ1 QZP_

1000|2025 4.6 5,8 (0.4 0,5 3,0 3,5 2.3 8,1 1215 8B1Cl| ~ 4.6 9 9

Co? G 3.4 4.1 3.9 L.,5 1020 1350
1200|2370 4.3 4.6 |C.4 0.5 3,0 3,9 3.4 5,4 1220 115C] 3.6 5.2 1200 117¢
G.5 okt 2.8 2,8 2,0 6,0 1360 101C

1400 4075 4.5 4,3 0.4 .5 5.8 4.4 L,1 4,9 195C 21251 4.1 5.0 2115 1960

1600 13410 4.6 3,9 |C.4 0.5 4.7 4.3 3,8 5,5 4705 170%| 3.6 5.6 168C 1730

Error 0,1 20,8 *.2%0.2 350 150|subjective
3

Units| m  Ckml T - -  km °Ckarl| °C knfd il m °C k™ m m
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AZ , and B
I"] ? TE’ 1 ZZ

2-layer roprcsentation  of these soundings .

Thet is, the model could be said to be a good

Sonndinggs on dayn of similar convection in the same month at the
same site showed similar structure, On all such days
< ™™
Ic’l. :
when the model cives
< T < T < T
T, Lo : 2
which ig typically confirimoed by the soundings.

Cunmulus Conveetion hencsath an inversion

When T is considerably groater than TC1 , the model predicts
a vory stadle top to the convective layer (i.¢. a large value for I > ) and
o smallor value for T q0 closcr to the dry adiabat  (see tabic 5, 2,3),
There arc several considerations in checking this observationally., First
therc is a tendency towards the formation of layer cloud beneath the stable
layor, which can radiatively destabtlisc the lower prt of the cumulus layoer,
and produce a sharp inversion, This scoms 2 coramon oceurrcnce over the
occan in mid-latitudes in subsiding zir, There is however the further
obgcrvational problem that it is not always cleay from routine soundings
and obscrvations whether stratocumulus is presont.

In this thesis we have not discussed in detail the balance between
subsidencc and the surface water vapour flux, which determines whether
the cumulus layer tends to saturation, althiough the modcl of 5.4 is suited
to thisg purposc. Thus the presence of laycr cloud cannot yet be established
theoretically. We have also not considcred the quantitative effeet of layer
cloud on the lapsc-rate structure. Howsver,despitethis uncertainty, two

casces wiltl be congidered.

Case (2)

Tig. 6.3.2 is o well documented exampie of a convective otratifi-
cation, providoed by F.H. Ludlam. The stratification near Dunstable,
central England, on 15th Junc 19586 is shown plotted on a tephigram, The

dots are individual measurcements of temperature and dew-point (converted
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Fig.6.3.2
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from frost-points at teraperatures below -10°C) made by an aireraft of the
British Weteorolorierl Rescarch Flirht during a spiral ascent between 1480
and 1500 GIMTT, Thick lincs have been drawn arbitrarily through these
points to represent mean conditions and extended to screen level on the
bagis of a sounding with a tethered balloon made at 1200 GMT, and to
levels above 2, Gkia on the basis of routine radiosondec ascents madc ot
1500 GMT. Marks indicate the height of the cumulus bascs (Zb) nnd peak
tops (2 + 38 obscrved from the airceraft, and 2 1': as obse rved from the
ground during a longer period), the trangition layer 4, the top of the haze
in the convection layer, and of the laycr occupied by shelf clouds, Winds
are entercd in degreeg and m s-’i .

Thin lincs joining significant points markes by open cireles arc
from the sounding made atLiver pool at 0300 GMT which is represontative of
the stratification in the WNY/'ly stroam of maritime air from the NLE.
Atlantic before it entered England, The conveciion over the sea had not
reached above 1,5km . The stable layer in mid-troposphere on the
Liverpool sounding ip related to a front.

’At 1500 GIV'T subgidenes was not apparent from the large~scale
isentropic analysis, bt the goundings indicate that ﬁ may have bocon about

~Yems | in mid ~troposplicre,

This sounding has then been compared with the model., The kink
in the sounding marked Z g hag beun arbitrarily takoen as the top of the
convective layor for the model, and values of I‘1 R 1“2_ AZ,I and AZ?_
have been computed as in the provious cxample from T,4%Z2, and r o Tor
(Table 6.3.3). This model two-layer approximation to the gounding has been
added to fig, 5.3.2 as a pecked line.

The agreement between model and observed temperaturc gtratification

is close.

Table 6.3.3

&z |T/6 T I'w rg-re| K T T, Ty bz, | &s,
- - — - —_ -—
m | °Cki | °C k2 KT Crr | °Cler M ckm | g m

2130| 4.4 .2 ¢,.9 1.7 2.8 1.5 10 14 | 710
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Casc g‘b!

To give some indication of the valucs {2 be expected in ancther
case of interest, a sample of twelve similar goundings, taken in April
and December 1952 in the Pacific trades, woerce compared with the model.
They were chooen for T targe, when there was always an inversion, The
data had poor rosolution in the vertienl, ac -lata were tabulated only at a
fow levels, 5o tho set of values of T , 02 , 4% 1/&'0 o1 I T5 were
simply averared, The ~verare values arc shown in Table §.3.4, The
average values of T , 4% and (r s~ Te) werc used in the model to deduce

values of AZ,I/&Z2 s ¥, 2T, for values of E of 0.4 and 0.5.

Tablc 6.3.4

T = : T T
o | ET O r, eewe| 8l |5 E[ TR
; -1 A -1 -
n °Cir ! °Ckn || & Ke 2 loum || °Cim
OBGSERVED . 3 = o = 2 19
AVERAGE 145.0 6. ).1 255 2 j -
APPROXINATE | 4 - 1.2 0.2
RANGE =500 21 Tted to 6|to3.6/10 00
K
30 b PRk
0 km
MODEL 1420 6.8 Cuh .5 % 2.7 2.2 16
C.o J o by ho2 2.0 2,2 19

Lluch better data is required to test the theory convineingly, but
the cvidence io not unfavourable, The slightly better fit of the modal to
the data with E = 0,5 rather than 0.4, implies more 'mixing', which is
not impossible as the lapse-rate is rather morc anstable in the curmulus
layer than in the Anaco data (T~ T, is here about £C ki | : c.f.
table 6,3.2). This note of camtion is nccessary gsince E is parameterising
a complex process about which little is known, and it may prove necessary

to tabulatc E for a range of conditions,
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Radiation plays an important role, even if there is no stratocumulus,
Above the stable top to the convection, the air which has subsided from higher
levels is typically very dry, so that the moist cumulus layer cools signifi-
cantly by long wave radiation, This will increase T,

However, unless there is layer cloud, this radiative cooling is
distributed through the cumulus layer. If the radiative cooling has a longer
timescale than the convective modification, it is likely that the lapse rate

structure is still controlled by the convection, and a function of T.
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Surface Boundary Conditions

Radiation

This and the succeeding section are concerned with the day of

convection in Anaco, Venezuela,

were
Radiation data was available from a standard ventilated net flux

radiometer, and upward and downward pointing Eppley pyranometaors,
The net flux data (N) were tabulated from a paper chart recording for 2
hourly intervals (table 6,4.1).

Various corrections were estimated.

(i) Ground storage (G)
During the night the surface temperature fell about 5°C and the
integrated net outgoing flux wasg about 50 langleys. On this
simple bagig, the ground storage of radiation wag taken asg
101y per°C rise of surface temperature,
(1i) Radiative exchanges of the layer between the surface and 850mb,
Three terms were estimated for the period 1000-1600 hrs.
(2) Line long wavc cooling = =~ 1,8°C day"1
(Elsaaser chart)
(®) Solar short wave = +1,8C day-’I
absorption (Roach, 1961)
{¢)— Continuumlong wave cooling = - 1,1°¢ day"j
(Estimatc based on unpublished calculations by K.J. Bignell).

1

The sum of these terms is equivalent to only ~1.6 Iy hr ~ for the surface-

to~-850mb layer, during the period 1000-1600 hrs., and was neglected,

Table 6.4.1 Radiation data
1000~-1200 | 1200-14C0 | 1400-1600
Net flux N 43 1 26
Ground loss G 10 5 -5
N-G 33 36 31
Error 5 + 5 5
Units 1y hr'
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Bowen Ratlo : Foe/For

The estimation of the partition of the energy input to the air (N-G)
into sensible and latent heat fluxes is a crucial but difficult problem, as
mentioned in 4.5 (sce eq. 4.5.3).

The ratio of two bulk aecrodynamic expressions of the form of
4.5.1 and 4.5.2 will be used here, Finite differences from scroen level
to the top of the superadiabatic layer (arbitrarily taken at 975 mb) wore
obtained from the smoothed data shown in Figs. 6.2.2 and 6,2.3, I we
agsume that the transfer coefficients for heat and water vapour(ce »C,, yare

equal, we obtain

Fep . °p ) 8o~ 06(975 mb)
For L o - r(975 mb)

This procedure is an cextension of 4.56.1 and 4. 5.2, as we have used smoothed
values of temperature and water vapour at a level (just) above the superadia-
batic layer rather than the vertically averaged variables § , T,

The values are given in table 6.4, 2.

Table 6.4.2. Howen Ratio: 3rd September 1969
1 1000 1200 14CC 1600 Local time
. s
60 - 8(975 mb) ’105 2-5 2.5 O.6 oc
ro - r(975 mb) 5,6 4.5 2.1 3.8 g Kg |
Bowen ratio 0. 11 C.21 (G.50) C.06

The high value of the Bowen ratio (8.R.) obtained at 1400 hours
needs consideration, r,~ r (975mb) is low, deapitc uniform trends in r, and
since 2L in the sub-cloud layer had a steeper slope than the other
soundings (fig. 5.2.3). Vet the surface temperature rose only slightly
from 1200 to 1400 hours, and the superadiabatic layer was maintained., It
is not apparent why there should be such a larre change in the B.R. Further

a survey of 8 other soundings under similar convective conditions (4 in the

7
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time span 1200 to 1490 hrs) gave values of the B.R. by this method ranging
from 0,09 to 0,19, We think it is justifizble therefore to reject the value
obtained using the souncing at 1400 hrs on 3 rd September 1969.

However thege values of the Bowen ratio will be unrepresentative
of an arcal average over the surrounding terrain if the surfacc data is un-
representative, and need to be checked by other methods, such as the

following.
(i) Equation 4.5.4 gives an estimate of ..

4.5.4 VR FOI‘ = {. rS(To) - ro]

are
However we lack appropriate values for VR and our ‘surfacd data Jjeat

screen level, not the level of the vegetation,

(il) An upper limit for the mean evaporation over the wet season is
set by the mean rainfatl, This will emerge from the hydrologieal
study which was undertaken at the same time.

(ii) One may return to the bulk aerodynamic formulze and consider

8.4.2 gﬁp = CoV [ 8, ~0(975 mb) ]
}
A wind velocity V,in the first few hundred metres was known both from the
radiogonde and some pilot balloon ascents, and finite differences of 6 are
givon in table 8.4, 2,
The cocfficient Ce will vary slowly with gradient Richardoon number
(Ri). It can be related to a drag coefficient, CD , for neutral conditions (Ri = 0)

by a relation

Ce = CD('? - €Ri)

valid for small negative Pi (3 -1, 0)when the numerical coefficient € ig thought
to have a value of about 0.3, for measurements of gradient Richardson number
between screen level and 2 height of 100m. The observed value of Ri between
these levels was about -0, 3, 80 we conclude that

CG ~ 1.1 CD

and the variation of Ce during the day is therefore only about 10%,




Table 6.4.3 Eq. 6.4.2
TIME 1000 1200 1460 1600
0o-6(975 mb) Te5 2e3% 2.0 0.6 °C
v, 10 3 6 6 m s
Vo[ 84-0(975) ] 15 18.4 15 3.6 °Cm s
Mean 16,7 16,7 De3 °C m s~
(N-G)[pcp 33 36 31 °C m s
Bowen ratio .16 .21 o4
FOGAOCP k.6 6.3 3.7 °Cem g1
Cq 2.7 3.8 4.0 x 1077
. The numerical values of the fluxes F g in 1y hr"q, and

F06[p<k) in °Cem s~ are by coincidence the same at

303°K and

S 14F BN < o LY
985 mb. ., .
/Table Gob b surface Fluxes
TIME N-G  B.R. Feo Tog For For
1000 = 1200 %% 0,16 L,6 18.5 28,4 47
1200 = 1400 36 Ga.21 6.3 25 29.7 50
1400 - 1600 31 Go 14 3.7 15 27.3% 46
Possible
Error > ? (21 £3) (t4  £6)
Units 1y het 1y hr? °Cmbhr™ 1y hr'! g Kg mb h:c":l

‘Errors' in Fug , F

in Bowen ratio,

or

do not include (unknown) errors
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Values of CU’ ealculated from eq. §6.4.2, are shown in table
6.4.3. Thoy agree well with each other and with typical land values for a
drag coefficient. This table gives no indication that the estimates of

Bowen ratio are seriously in error,

The values which have therefore been us=d for the surface fluxes,
based on tables 6.4.1 and 6.4.2, are given in table 6.4.4. They cannot
be regarded as adequately accurate, and the next section suggests that

the sensible heaf flux in particular has been undercatimated.
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6.5 Estimationof Vpi

Given the surface fluxes and the sequence of soundings shown in
figs. 6.2.2 and 6. 2.3, one may attempt 2 budgot analysis of the sub-cloud
leyer, and alsc test cquations 4.6.10 and 4£,8,10 for d'éb/dt and df-'b/dt .
In addition to these four cquations containing WDb , afifth estimatc of Wy
can be obtained from eq. 5.3.16, which degseribes the deepening of the
cumulug layer.

However one must agsume:

(i) that there is no horizontal gradient of ) ’ r (therefore no changes
due to horizontal advection). The analysis will cagt doubt on this
assumption, but observati g were available only from a sinle

station,

(i) that the mean vertical motion W raay be neglected, when coripared
with dzb/ dt . We have no synoptic-scale vertical motion field
for the region on this day; we know only that it was neither a
day of strong low-level convergence or divergonce. In the peried
1000 to 1400 hro g—fb was about +3¢ims 'q, which is likely to

he larce coraparesd with W, although Zy, becamc constant later,

The cquations of this secticn are written in terms of Z, but height

1 1

will be measured in mb,and fluxes in °C mb hr ', g Kg-‘] mb hr
to allow for the variation of air density. The positive dircction

will still be upwards,

Temperature Structure

The most direct estimate of WDb(the convective mags flux into the

curhulus layer) is to be obtained from 4,6.10 (neglecting i ).

d T
6.5.1 38 Ob = (ﬁ-zb ~ \va) Ty

Vop Wwas found for each 2 hour interval using this equation - sce table 6.5.1.

o i -~ [ e
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Table 6,5.1 Tewperature Structure: 38y/dt
. _ ] a6y, 47 VA -
TIME 0, 2y | g e L@@t Woplh | Wpp  Wpy
1600 | 362,399 |
+0L 45 20 2 CJ48 CLo3 +1 +G. 25
1200 B04.2 139
+0.5 11 3.7 Ouk1 =G 09 ~2.4 -0, 6
1406 %05,2 161
+0.5 -1 2.9 |-0.04 -C.54| -13.8 -3.5
1660 506.2 159
Possible | + + +5 " 4+ +
Errors - O‘Z - 3 -0'15 - _O.L‘. -0.2 i‘O.§ _8 + 2
E - o _ _’]
Units °K  mb |°Chr~ | mbhr %/100 mb°C he" T b | mb bt om S
Table 6.5.2 Sensible Heat Budget of sub-cloud layer
= b 4%y |, 481 . dZp Fen .
TIME Y: g % | % 3 |Pog Aedt Pop 8o Wy, | Wy
16G0 1.3 [302.0 79
163 0.5 119 2¢ G0 26 19 -15 -12
1200 1.2 !303,0 139
1.2 0.5 M50 11 75 13 25 =37 =31
1400 1.2 [304,C 161
171 0.6 160 -1 96 -1 15 -82 =75
1600 1.C |30%,2 159
Possible | o 5| 10,5 2,15 | #5 5 |#20 6 2 425 +25
Error - - y T
Units °C Cx hr;i mb mb h.’r":i €¢—— °K mb hr~ —— % I mb hiel
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Table 8.5.1 is cneouraging; although it is clear that the possible
errors arc large, the trond is as anticipated. The convective mass flux
into the currulus layer inercases as the dny progresses, becoming large
when %E‘—b becomeos small.

This table does not depend on the surface heat flux, but would be
affocted by change of temperature due to horizontal advection, Further if
W # 0 , then the lagt column represents(WDb + ﬁb) . By definition

WDb cannot be positive, but the value of +1 mb hr™ is smaller than the

poasible error.

Sub-cloud layer scnsible heat budget

We may deduce WDb from cquation 4.6.8, after substituti ng
4.6.5, Measuring Z in mb, and ncglecting W

=b
o Ige 2
Zy It = B v Lo gy - Wy (06 -86)

o p

58 will alsc be neglected. The solution is ghown in table 6.5.2

The errors in table 6.5.2 are very large, but the values for WDb
arc probably too large negative, 6.5.2 is purely a budget equation, but if
we consider 4.7.2 in which the relationship

Fao ="K T
has also been uged, we have sorac indication that the surface heat flux

values may be too low. With the height of cloud-bage measured in mb

a8 F
Zh -d—?:— = (1+k) f—J%ﬂl; k < 1

as . :
All the values of Z, =+  intable 6.5.2 are more than twice I a Py which
suggests Foe wag higher than estimated in 6,4. This would account for the

large negative values of wDb’ though there are other possible explanations,

(i) Advection of warmer alr, Thig is possiblc but should also aifect

gb in table 5.5.1, ag A6 shows no gurprising chango.
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(i) The increasc of -5- from 1400 to 1600 hrs may be an overestimate
because of the alrmost complete Jdisappearance of the superadia-
batic laycr. There is insufficient vertical resclution in the
sounding to resolve this layer but a 2° C potential termperaturc
excess extending over 15mb amounts of 0, 2C over 150 mb,

(iii) An accuraey in § better than 0, 2°C is required to obtain
scngible values for WDb . This is beyond the accuracy of
these goundings ~ we have alrcady made rather arbitrary

corrections of up to 0,9 °C (table 8. 2.1).

Sub-cloud layer water vapour budpret

This glves a better estimate of WDb than the sensible heat budget, as
the cloud circulations transport a significent amount of water vapour out of
the sub-cloud layer. Eq. 4.8.4. becoracs, with the neglect of W and with

2 measured in mb,

dr Fp az
6.5.3 PR = -or 24h -
b It AL + Ar s WDb ( Ar 6r)

The variablebr = (7, }-% wag found from the caturation mixing ratio of
air ascending through cloud-base with ternperaturce & . The calculation is

shown in table 6.5.3,

The errors in table 6.5, 3 are considerable, but WDge constrained
by the large value of ( &r - Ar) K. (like Foe } appears to be too small, but
again, a small advection of moistor air (increasing ¢ by 1g Kg"" during
the period 1000-1600 hrs) would alter the true values of WDb to -1, -5, -12
respectively.

Water vapour structure : 9Fb/dt

A medel was propesed in 4, 8§ for the modification of the water vapour

structure above cloud-base, Zq. 4.8.10, for W = 0, is

6.5.4
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Table 65,.5,3

Water Vapour 3udget of sub-clcud layer
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o = = i
- = dr dr . d7Z . ,
TIME | re(Zy) 1y, F O tr-fe| == Zpzp &ewP Fog v, (8o-br)| Wpy
1000 15.5 8.5 10.6 -2.1 7.0 +0,1 +12 =48
=24 6.3 +0.1 +12  =4& 47 +13 +2
12C0 13.7 8,0 16.8 -2,8 5,7
-2,9 5,2 +0.1 | +15 =32 50 -3 -1
1400 12,8 8,1 11.0 =2.9 4.7
-2.6 4.7 | +C. +16 + 3 46 -27 -
1660 13.6 €.9 11,2 =2.3 4.7
Possiblel 4+ 540 340,20 f0,4 +0.6| 20,3 |45 *i0 2 250 £16
Error - T mEe T = '
. -1 = = =1 =
Units « - pgKgt —  Silp¥g hrije—— gKg mbhr ———>| mb hr
Table 6,5.4  Waler Vapour structure: d¥,/dt
1
br-Ar [ar) !'3r! Br-Ar | drp dZpfer |drp dePr)? .
TIME b 5 T3 iaZL:\azh+ § | dt at (o7, [dt ~at Bzl Db
1000 8.5 2.0 2.3 =3.6€ -0.7
-2.6 -0,5 -0.3 =0.5 +0, 2 (+40)
1200 8.0 3.0 1.9 ~=2.1 0.2
-2, -0.8 +0.1 =0.2 +0. 3 (+38)
1400 8.1 S8 0.8 =22 -1.4
-2.5 -1.6 +0. 4 - +0 b (+25)
1600 8.9 L,71 1.0 -2.8 -1.8
Possible| . 3| z1.0tc.2 2.5 +0. 6 0,5 (20,1) (0,5 (Large)
Error - — [ ] L] L] -
& -1 -1, =1
Units g;]z{g’1 100 mb |[&—— g Kg /100 mb—»| €—— g Kg "hr ——>|mb hy
- |

The values in the last column are not meaningful.
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This is a difficult equation to test, and we shall find it does not give meaningful
values for Wpy, . First BWDb/ dZ will be noglected, that is I‘,I will he assumed
constant in the curnulus layer, as it is doubtful if the sequence of soundings can
be taken as reliably incicating any trend in T, . It is clear that the clouds

can moisten the layor only if

ar &r = Ar
(az)q * T8 > 0

Table 6, 5,4 shows that the quantity is always negative, Kowever the local valuc

of T does Inereaso during: the day at the base of the cumulus layer

~ -~ _ ~\
.a_r;) T - B
ot/ at dt  \o7 |

The model thus cannot be satisfied with Yop negative., The model may be
incorrect, or there may be advection of molster air during the day. This
was algo suggested by table 6,5.3 and again an inerease of 1g kg"| during

the period of observation would give reasonnble values of W

Db *
Hlowever this is not a good methoc for estimating WDb for three
reasons,
{a) Water vapour fluctuations in the cwmulus layer may be cormparatively

larger than © fluctuations, and point values of the water vapour
structure thereiore less representative of an arcal mean.

(b) The input of watcer vapour by the clouds raay be poorly modelled
in 6.85.4; and the problem of cgtimating aWDb/ dZ  remains.

(c) Even if the model is valid, the coefficient of WDb can he seen

frora table 5.5.2 to be small, go that its sign is uncertain,

Deepening of the Curaulus layer

Wy, can algo be estimated from eq. 5.3.16 in terms of the rate

of rise of Z - We saw in 6.3 that the lapse rate model gave quite a good
fit to the structure of individual gsoundings., However it is unlikely that the
sequence of soundings can be taken as representative of any trend in 1, .
Nonetheless if one assuines reasonable values of Ty T, (independent of time),
ohe can readily deduce values of WDb consistent with the observed risc of
Z ; . Eq. 5,3.186 simplifies, with the noglect of W , and lapsc rate
changes with time , to




N T PR W - Toe
(r - 1)ad2gg' = 82 Ty iy, Pep
5.5.5 ©(T.- 1)z, L _y [T Az + (Lo -68)]
., - . 2 1 Zdt - Db 1

using 4.5.6 .
We shall construct a tabie for this equation by assuming (T} I‘2) = (3.4,5.4)°¢C ™
and AZ 4 SOz 5= corresponding to the 1200 hrs sounding, 98 will be
neglected.
Valueg of WDb for the firgt two time periods arc shown in table
6.5.5. As menticned carlier, the top of the sounding at 1600 hrs was taken
at 550mb where therc was a well defined stable layer. However thig height,

and correspondingly 7., were lower than at 1400 hrs. Visual obscrvations

11
showed that a few cumulus clouds reached well above 450mb, which was the
top of a moist layer on the sounding. Indeed within an hour 2 fow cumulo-
nirmbus had developed. Thus it is clear that, although the 1600 sounding;
suggests that a significant number of clouds reachel onty 550mb, o fow
rogse 150mb higher. The sounding may have been unrepresentative, or it
may be that onc cannot assume a single size geale of cloud once the largest
clouds hecome mere than several kin deep.,

The values of WD in table 5.5.5 are consistent with the best of

b
the carlier estimeotes.

Conclusion

In this section (8. 5), WD the convective mass flux into the

b L
curtulus layer, has been found from ¢ different estimates, The possible
errors involved both in the data, and in the assuraptions made, are

considerable, and consequently the valucs obtained for Wy, are inaccurate.

Nonetheless they do indicate well the order of magnitude of W and gurgest

Db’
the trend during the day. We have thus a reasonablc estimate of the magnitude

of the convective transports.

Table 6,5.6 summarises the values that have been obtained for W Db *

and suggests what rnay be regarded as likcly values, These arc all a few

cm s .



Table 6,5.5

Decpening of the Cumulus Luyer
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[ dZ V7 o
TIME ' P a-:E-'1 IaVA L\Za
| L
i i
1000 | 79G 2000 1000
22 220G 1100
1200 7357 2L00 1200
| =6 3200 1600
1400 ELC LUot 2000
|
1600 (675}
Possible | | o + .4
rror 5 X410 X200 100
Units mb mb L m m

. az . Ay .
1',I 1"2 (I‘B-I‘,| }AZZZ{E I,‘Aé A + B0 WD
Z0b 0 5.4 48 7.5 142 -6
30}4‘ 501‘!' 115 10-9 1-2 "‘10
.3 20,6 20 Ry 6,2 +5
°C k- °Cmb hrl °C °C mb hr

Table 6.5.6

Values for Wpp

TABLE £.5.,1 6.5.2 6.5.3 6,5.5 LIKELY VALUE FUR
) a8 = = 4%
i Loy Ldy
TIME at 6 T =t WDb
1000 -~ 1200 +1 -2 +2 -8 ) -1, 25
1200 - 1400 -2 -3 -1 -12 ~10 -2.5
140G - 1600 _— (=75) -6 - ~-15 -3.75
Fossible + s + + +
frror 18 iy 10 15 4L *1
Units . mb hr"q——r—} mbhr | cm s~
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It follows that with typical cloud vertical velocities of about 2 m 5]

the areal cover cof nctive cloud in the curzulug layer at an instant in tirme is
small: only 1 to 2% . This value is to be cxpected to be less than the total
areal coverage of cloud which is typically visible from above or below the

curnutus layer, for two reasons.

) Appropriately averaged over the entire life cycle of a cloud (as
in the definition of WD -8ec 3.7) ‘ﬂ{: is likely to be less than 1 s s
so that a corresponding value of o  (8ce eq. 3.7, 2),which
includes clouds at all stages of growth and decay, would be
about 5%.

({ii) There may be also many little clouds occupying only the first
hundred raetres above cloud-base, esscntially marking the tops

of dry convective updrafts in the sub-cloud layer.
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Chapter 7 Surira

This thesis has examined somc aspects of cumulus convection and!
developed models for the non~precipitating: boundary layer. Thesc have
far-reaching iraplications and indieate 2 number of avenucs for future work,

The convective heat transports (chapter 3) have been discussed from
two viewpeints: first in terms of a mass transport model (3.7), a concept
which has becn used previously by various authors (see 3.9); and sccondly
in terms of a hitherto unused conservative variable 0, - a 'liquid water

tential temperature.’ The use of this variable 6_ simplifics the under~

L
standing of the thermodynamices and heat trangport of cumulus convection,
and indicates certain close similarities between dry and wet convection,
Dilution of convective elcments has been shown to be related to the irrever-
sible nature of the convective circuiations, and to neecessitate an upward
transport of liquid water, and a downward total heat transnort in the curaulus
layer. Thus cumulus convection is a destabilising process, In the upper
part of the dry convective layer there is a similar downward (sensible) heat
transport,

A riodel of the dry layer (chapter 4) enrries forward the work of
Ball (1960), and predicts the tivme development of this layer in the presconce
of a large-scale vertical velocity, ¥ . Derived equations for the strength (46 )
and rate of lifting of an inversion nced to be tested, This model wap then
extended to the sub~cloud layer in order to link the cumulus convection to
the surface fluxces of sensible heat and water vapour, and to W . The rany

interactions within the probler are sumriarised raost briefly in the approximate

equation 4,7, 8,

(2 - 5% ) _ 80T

The suppression of convection by large scnle subsidence ( W negative) has
long been known observationally, We sce that 4. 7.6 predicts that (-WDb)

is similaxly reduced by risc of cloud-base, a hitherto unrccognized influence
which nceds experimcental verification, The data examined in chapter 6
indicate the increasing trend of (—WDb) 1a dzb/dt decrensas, but the

possible errors are largec. The dependence of the cumulus convection on the
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warming of the sub-clou! layer and therefore the surfoce sensible heat flux
{the R.H.S. of 4.7.3) is to be expected. The surfrce water vapour flux is
involved in tho intricate water vapour balance of the sub-cloud layer whicl:
'feeds back' on W, = throuch 43, /dt.

There is a necd also for a lapge rate model for the sub~cloud layer,
which will predict the temperature stratification, and the depth of tho
transition laycer,

The lapse rate model wroposed in 5. 2 may prove very ugeful as a
simple quantitative model of the vertical temperature distribution of 2
convective layer, It carries forward the idez of o characteristic strotifi-
cation (Ludlara, 1268). With the budget couations and boundary conditions
developed in £, 3, we have predicted both the stratification and the time
developrment of the cumulus layer, as a function of W , the surface fluxes
and the stratification above the convective layer. The comparison in
chapter 6 of the lapse-rate model and the time-development odel with
data is considered cncouraging, and suggests that further observational

comparison would prove fruitful.

On the theoretical side, the water vapour transport needs to be
considercd moro clogely and radiative transfers need to be included in the
riodel, It would nlso be useful to consider decn convection, particularly
the heat and water vapour balance of the sub-cloud layer when therc is
low level converrence, in the lpht of this model. A study of vertical
momentum transport by cumulus is necessary ag well, and this requires
a more detniled dynamical maodel of a curaulug cloud than has been used

here; one in which shoar is considered.

In conclusion it is thought that the work described in this thesis

gives further insight into the role of curaulus conwection in the atmosgphere.,
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