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ABSTRACT

The diagnostic study of the thermodynamic structure of nonprecipitating clouds and cloudy boundary layers
is formulated using a mixing line and saturation point approach. A parametric model for the mean structure
is developed as a tool for diagnostic and prognostic modeling. Cloud-scale mixing processes are analyzed in the
same framework, together with the energetics of the evaporative instability in cumulus clouds. A velocity scale
emerges for this evaporative instability. The statistical study of saturation level distribution in partially cloudy
boundary layers is proposed to related cloud fraction to the mean thermodynamic mixing processes.

1. Introduction

This paper is an attempt to synthesize various con-
ceptual, diagnostic, and parametric approaches to the
study of both isolated clouds and cloudy boundary lay-
ers. There is a need for a general parametric model for
partially mixed, partially cloudy boundary layers for
incorporation in global forecast and climate simulation
models. Shallow boundary layer cloud fields transport
moisture away from the surface and redistribute heat
in the vertical. There is a complex interaction of the
mixing, condensation, evaporation and radiative pro-
cesses on both the time and space scales of individual
cloud elements and on the scale of the field of clouds
as a whole. Cloud fields may, in addition, have me-
soscale organization and the evolution of the entire
cloud field is strongly controlled by the larger scale
mean vertical motion field. _

The use of parameters which are conserved in the
liquid water to vapor phase change (Lilly, 1968; Betts,
1973, 1975; Yanai et al., 1973; Ogura and Cho, 1973;
Arakawa and Schubert, 1974) and in particular the use
of the air parcel saturation point (Betts, 1982a,b) has
proved of great value in interpreting and modeling at-
mospheric convective structure and transports. For
nonprecipitating cloud fields the use of the saturation
point, or the derived conserved parameters of equiv-
alent potential temperature (8z), liquid water potential
temperature () or total water (g7), effectively elimi-
nates consideration of the liquid water to vapor phase
change and reduces convective transports within a par-
tially cloudy boundary layer to a simple mixing process
(Betts, 1983, 1984; Hanson, 1984). This simplification
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(which forms the basis for this paper) permits the pa-
rameterization of shallow cloud fields in global models
in terms of a mixing line process (Betts and Miller,
1984). Conserved parameter methods have also been
useful in the study of the transition between strato-
cumulus and broken cumulus associated with the cloud
top entrainment instability (Lilly, 1968; Randall, 1980;
Deardorff, 1980; Moeng and Arakawa, 1980) although
this transition is not yet fully understood (Hanson,
1984; Randall, 1984). It is this instability that makes
shallow cumulus fields an inherently destabilizing
mechanism in the atmosphere (Betts, 1973), and pro-
motes cloud-top entrainment (Squires, 1958; Paluch,
1979) within individual clouds, while the circulations
within a stratocumulus layer are more dependent on
radiative processes at cloud top (Lilly, 1968; Schubert,
1976; Deardorff, 1976, 1981; Kahn and Businger,
1981a,b). One consequence is that cumulus layers are
not as well mixed as stratocumulus layers.

Global models need to parameterize all types of
shallow cloud fields (Suarez et al., 1983). Their vertical
transports of heat and moisture control the surface la-
tent and sensible heat fluxes, and hence the long-term
mean precipitation. Without a shallow cloud param-
eterization to transport water vapor out of the subcloud
layer, the surface latent heat flux is underestimated,
global precipitation is reduced, and a global model cli-
mate drifts toward lower temperatures, particularly in
the tropics (Betts and Miller, 1984). Well-mixed
boundary layer parameterizations have been proposed
for global models (Deardorff, 1972; Arakawa and
Schubert, 1974; Suarez et al, 1983), sometimes in
conjunction with a separate parameterization for cu-
mulus clouds (Arakawa and Schubert, 1974). The phi-
losophy behind this paper is to develop a cloudy
boundary layer parameterization with a common
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structure for cumulus and stratocumulus, in which a
parameter is introduced to represent how well mixed
the layer is in the vertical. A theoretical framework for
the diagnostic study of cloudy boundary layers is
needed since improvements in parametric modeling
need observational statistics on mearn boundary layer
structure and variance over a wide range of types of
cloud fields. We shall not address, in this paper, the
prediction of boundary layer depth in a large-scale
model since diagnostically this is an observable char-
acteristic. '

We shall first consider a parametric idealization of
the thermodynamic structure of a partially mixed
boundary layer using a conserved parameter mixing
line method (Betts, 1982a,b), and then explore cloud-
scale mixing and the energetics of evaporative entrain-
ment instability. Finally, we discuss the relationship
between the saturation level distribution and fractional
cloudiness.

2. Saturation point framework

The saturation point (SP) framework is discussed in
a series of papers (Betts, 1982a,b; 1983; 1984). In es-
sence, the SP of an air parcel is found by dry (moist)
adiabatic ascent (descent) to the pressure level (p*)
where a parcel is just saturated (with no cloud liquid
water). At this saturation level (SL) parcel temperature
and pressure (7*, p*) uniquely specify the conserved
thermodynamic parameters (6, 8,, and g7) which are
invariant for both dry and moist adiabatic processes
"and approximately conserved in isobaric mixing pro-
cesses. When two air parcels mix, the SP of every pos-
sible mixture lies on a mixing line joining the SPs of
the two parcels (Betts, 1982a). In this conserved pa-
rameter framework a shallow cloud field can be re-
garded as a mixing process between the surface super-
adiabatic layer and the free atmosphere, and the process
can be characterized by a mixing line. In fact, in
boundary layers in convective-radiative equilibrium,
radiative processes can produce measurable deviations
from a mixing line structure (Betts, 1982a; 1983). A
later paper will discuss. convective-radiative equilib-
rium and attempt to quantify nonequilibrium depar-
tures from a mixing line structure. For the purposes of
this largely theoretical paper, we shall regard the mixing
line model as a useful idealization.

One advantage of the SP framework is that virtual
potential temperatures can be computed for unsatu-
rated and cloudy air parcels (Betts, 1982a, 1983). For
brevity, we shall call the isopleths joining SPs of equal
virtual temperature for unsaturated and cloudy air
parcels (T, and T, respectively) the dry virtual adi-
abat and the moist virtual adiabat, since these replace
the-dry and moist adiabats in analyses of buoyancy.
The slopes of the mixing line and these virtual adiabats
will be linearized for analytic purposes, although for
data analysis this is not necessary since both mixing
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line and data can be plotted directly on a thermody-
namic diagram.

3. Parametric structure for layer

This section introduces an idealized mixing line
model characterized by a mixing line slope and the
distribution of saturation level with pressure. These
parameters are then used to discuss cloud layer struc-
ture and cloud-top entrainment instability.

a. Idealized mixing line (ML) model

Figure 1 shows an idealized conceptual model for
the equilibrium thermodynamic structure of a partially
cloudy boundary layer drawn on a schematic ther-
modynamic diagram, in which A is the saturation point
(SP) [(T, p) at the lifting condensation level] of air near
the base of the subcloud layer (at the top of the super-
adiabatic layer); and D is the SP of air from the free
atmosphere sinking into the cloudy boundary layer
near the mean cloud-top. The convective cloud field
mixes the whole boundary layer between the surface
and cloud top, but not in general, to a well-mixed
structure with a single SP. In general, we would expect
the vertical thermodynamic structure of the boundary
layer to be characterized by a gradient of the conserved
properties from near the surface to cloud top. This .
characteristic gradient is the mixing line (shown as a
heavy dashed line) between the SPs A and D. It rep-
resents the SPs of all possible mixtures of A, D. We
will use this ML as our reference process for the con-
vective boundary layer structure and look for some
vertical distribution of SP along this ML within the
boundary layer, which characterizes the convective
mixing process. Processes which produce deviations
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FI1G. 1. Schematic tephigram of idealized cloudy boundary layer
thermodynamic structure showing relationship between mixing line,
temperature and dewpoint sounding in cloud and subcloud layers,
and the parameter 8 = dp*/dp (see text). The dashed lines are lines
of constant potential temperature and mixing ratio.
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from this ML structure, such as radiative cooling in
the layer, and the time dependence of the structure as
a whole will be discussed in a later paper.

This idealized boundary layer is typically character-
ized by three regions (Ludlam, 1966; Betts, 1973). The
subcloud layer is quite well mixed by the dry convective
turbulence, and has only a small gradient of SP along
the mixing line from A near the surface to B for the
mean at cloud-base. As the subcloud layer becomes
more well-mixed in 8 and g, B approaches A. (For sim-
plicity Fig. 1 does not show a cloud-base transition
layer nor the superadiabatic layer near the surface.)
The lower cloud layer is typically less well-mixed, with
a steady trend with height of SP up the mixing line
shown here as B to C. Figure 1 shows a typical shallow
cumulus boundary layer where the subsaturation in
this part of the cloud layer is roughly constant. Near
cloud top there is a sharp change again as the transition
occurs to the free atmosphere and the mixing by the
cloud field falls to zero at cloud top. There is typically
a stable layer in 6 and a fall of ¢ as shown, as the SP
changes rapidly in the cloud-top layer to its free at-
mosphere value.

This vertical thermodynamic distribution can be
characterized by the mixing line, and the location of
an SP on it. It is convenient to use the mean saturation
level p*(p) of air at a pressure level p to characterize
the location of an SP on the ML. If we define a param-
eter (8 as (Betts, 1982b)

B(p) = (dp*/dp),

then the thermodynamic gradients can be recon-
structed from the characteristic mixing line slope (sub-
script Af). For shallow layers these are essentially con-

We can also define a departure from the saturation
level pressure (Betts, 1982a), (related for unsaturated
air to parcel subsaturation)

(1

P(p) = p* - p, 2)
so that
P
o g—1 (3)

We see that the three regimes in Fig. 1 have distinct
values of 8. The well-mixed subcloud layer has 8 small
(<1) so that 6, g, p* vary only a little with height. |P|
decreases with height in this layer with d2/dp ~ —1
[from (3)]. The lower cloud-layer with 0, g nearly par-
allel to the ML, and constant subsaturation (in terms
of P), is another characteristic region of mixing with
avalue of 8 = 1 and ? ~ constant; while in the cloud-
top stable layer, where the convective mixing decreases
to zero at cloud top, the parameter 8 > 1. Thus 8 can
be regarded as characterizing the different regimes of
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mixing by the convection. It is a useful parameter since
it can readily be determined diagnostically.

b. Characteristic profile of p*(p) and B(p)

The vertical distribution of p*(p) and 8(p) are un-
likely to be the same for all convective regimes. For
example, in the well-mixed stratocumulus layer (Han-
son, 1984), the entire cloud and subcloud layer is thor-
oughly mixed to approximately a single SP, corre-
sponding to 8 ~ 0 up to the cloud-top inversion. In
the shallow cumulus layer by contrast, for which Fig.
1 is typical, there is some uncoupling between cloud
and subcloud layers, so that the cloud layer is not as
thoroughly mixed as the subcloud layer. This corre-
sponds to a larger value of 3, and indeed 8 ~ 1 seems
typical for shallow cumulus below their cloud-top
transition zone. In the transition between scattered cu-
mulus and well-mixed stratocumulus layers, there
clearly exists the possibility of intermediate values of
B in the range 0 < 8 < 1 (see section 2d). Thus, the
diagnostic study of boundary layers in terms of their
distribution of p*(p) provides a framework both for
the classification, and an assessment of degree of mixing
within and between different layers, as well as a pow-
erful framework for a general parameterization of
boundary layer structure.

Figure 2 shows an example of convective atmo-
spheric structure over Montana in summer from a ra-
winsonde. A single sounding does not of course give a
mean vertical structure, but it is sufficient for illustra-
tion. The heavy dashed line is the mixing line computed
from the subcloud layer SP (3°C, 704 mb) and the dry
air at 520 mb whose SP is at (—25.5°C, 370 mb). The
open circles denote SPs within the layer from 520-700
mb: they all lie close to the dashed mixing line, indi-
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FIG. 2. Sounding at Powderville, Montana, at 1452 MDT on 6
August 1981, during the Cooperative Convective Precipitation Ex-
periment (CCOPE) showing (7, Tp) sounding, saturation points and
mixing line (heavy dashes) on a skew T-log p diagram. The dotted
line is a moist adiabat.
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cating that this layer is thermodynamically coupled,
although it is not well-mixed. The observed weather
was fair weather cumulus with some towering cumulus.
The cumulus layer from 700 to 545 mb, has a mean
value of 8 =~ 1.3. The slope (36*/dp*),s of the mixing
line is about two thirds of that of the moist adiabat.

¢. Transition layers

More stable layers, with larger values of 8, are char-
acteristic of transition zones between atmospheric lay-
ers which are only partially coupled. Figure 1 does not
show the cloud-base transition layer, where over a
shallow layer 8 may exceed 1. It does show the cloud-
top transition to the free atmosphere. Stable layers are
associated with the overshoot cooling by convective
turbulence and at cloud top by the additional cooling
from liquid water evaporation (Betts, 1973; 1974;
1975).

An example of a deep transition layer capping the
subcloud layer is given in Fig. 3. The sounding, again
from summer in Montana, shows two overlying layers
each nearly well-mixed, separated by a stable layer and
sharp humidity gradient. (The upper mixed layer
probably originates earlier as a boundary layer over
elevated terrain.) This atmosphere as a whole has not
yet been well-mixed, although at the time of the
sounding a line of cumulonimbus is approaching. The
mixing line (heavy dashed) shows that the subcloud
" layer (surface to 740 mb) and transition layer (740-
675 mb) both have SPs on the same mixing line. How-
ever, they have different characteristic values of 8. The
subcloud layer has 8 = 0.3 and the transition layer
B ~ 2.5. In this case, the slope of the mixing line is
only one third of that of the moist adiabat, much more
unstable than in Fig. 2. It is interesting that the subcloud
layer is less well mixed with this more unstable strat-
ification above.
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FIG. 3. As in Fig. 2 but for Miles City, Montana, at
1910 MDT 13 July 1981.
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d. Mixing line slope and cloud top entrainment insta-
bility

The role of a cloud-top entrainment instability cri-
terion as a determinant of the transition between stra-
tocumulus and cumulus regimes has been discussed
by Lilly, 1968; Randall, 1980; Deardorff, 1980; Moeng
and Arakawa, 1980. Although it may not be a sufficient
criterion for the breakup of a stratocumulus layer
(Hanson, 1984; Randall, 1984) particularly for time-
dependent boundary layers, it is an important refer-
ence. Betts (1982a) showed that this instability, which
is an evaporative mixing instability, can be reduced to

- the comparison. of the stability of the mixing line in

comparison with the slope of the moist virtual adiabat
(T,.: see section 2). The cloud-scale mixing generated
by this instability in cumulus will be discussed in sec-
tion 4b. The instability, however, also has an important
effect on the mean vertical structure in a boundary
layer (the parameter ).

Consider a well-mixed but unsaturated boundary
layer (driven by surface sensible and latent heat fluxes)
which deepens until its top reaches the layer mean lift-
ing condensation level and clouds form. Air from above
is continually mixed into the boundary layer by tur-
bulent entrainment, and the transition in thermody-
namic properties between the subcloud layer and the
air at cloud top has a mixing line structure. If this mix-
ing line slope is more stable than the I, adiabat, cloud-
top entrainment remains low, and the whole cloud-
topped convective layer remains nearly well-mixed with
B = 0. Further convective mixing generated by radia-
tive cooling at cloud top helps maintain the well-mixed
structure.

In contrast, if the mixing line between subcloud layer
and the “free atmosphere” thermodynamics is unstable
with respect to the T, isopleth [see (5)], the entrainment
instability criterion is satisfied. Entrainment into the
boundary layer is enhanced by this evaporative mixing
instability, the cloud layer deepens and at the same
time loses its well-mixed structure and becomes a par-
tially cloudy cumulus layer with 8 == 1. In a sense, the
cumulus layer becomes partially uncoupled from the
subcloud layer because of the effect of the entrainment
instability at cloud top (Deardorff, 1980).

Schematically, we might expect there to be a tran-
sition between regimes as shown in Fig. 4. However,
this transition may be shifted by other factors. Strong
surface fluxes will promote more thorough mixing of
the convective layer and may therefore shift the curve
in the sense shown, and help maintain stratocumulus
despite enhanced cloud-top entrainment. This clearly
needs quantitative definition and observational study.
Figure 4 also shows one other schematic feature: an
increase in B for the cloud layer as the mixing line
approaches the slope of the T',, isopleth (the instability
criterion for unsaturated air (Betts, 1982a).
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F1G. 4. Schematic showing qualitative dependence of 8 for the
cloud layer on mixing line slope (T'ys) across the evaporative mixing
instability transition. Light dashed lines mark the dry and moist virtual
adiabats (I',, for unsaturated air and I',. for cloudy air).

e. Cumulus layer equilibrium

For cumulus layers the evaporative mixing instability
criterion is satisfied and cloud-top entrainment is large.
We shall estimate in section 4b a velocity-scale for this
turbulent mixing process: it is of order a few m s~
The cloud layer as a whole does not deepen at this rate,
but instead breaks up into separate clouds and a more
quiescent stably stratified environment.

The clouds continue to mix vigorously in the vertical
because the mixing line is unstable for cloudy processes,
and steadily deepen the convective layer by the evap-
orative cooling at cloud top (Betts, 1973). The layer as
a whole never quite attains the mixing line structure
up to cloud-top, because of this continual strong cloud-
top entrainment. Figure 5 shows a 8, g conserved pa-
rameter plot for two soundings over Montana on 6
August 1981, The plot is similar to that introduced by
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FIG. 5. Conserved parameter diagram for two soundings on 6 Au-
gust 1981, during CCOPE, showing lower troposphere mixing line
structure. Points are plotted for pressure levels approximately 30 mb
apart: 850, 700, 600 and 500 mb p-level data are labeled approxi-
mately.
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Paluch (1979), although the g axis is inverted so that
the plot resembles a vertical 6z sounding. (The differ-
ence between 6z and the wet equivalent potential tem-
perature 6, is small.) The soundings are close to a mix-
ing line structure (straight line) up to the § minimum
(near 600 mb), where ¢ is small. Above this level, 0
increases with height with little change of g. Different
processes are responsible for the two branches on Fig.
5. In the upper troposphere, convective mixing has been
rare in this air mass, and we are seeing essentially the
change of 6, 6 at constant g associated with radiative
cooling. The 6z minimum is at the top of the convective
boundary layer, and the lower atmosphere is convec-
tively mixed down to the surface (920-930 mb) and
has a corresponding mixing line structure.

Several studies (Paluch, 1979; Boatman and Auer,
1983) have shown similar environmental profiles nearly
well-mixed up to the 6z minimum, together with in-
cloud data which indicate mixing with environmental
air at cloud top above the #z minimum. Schematically
we may summarize these as in Fig. 6. Vigorous cloud
towers overshoot into a layer which has not yet been
modified significantly by convective mixing. With time,
the environmental mixing line will move in the direc-
tion of the arrows toward the present cloud-top mixing
line. However, by then, the vigorous cumulus towers
will be mixing to a higher level with a corresponding
new mixing line. This nonequilibrium- structure with
environmental SP to the left of the current cloud-top
mixing line is characteristic of cumulus layers that are
deepening. In convective regimes, like the tradewinds,
where a steady-state cloud top is attained, large-scale
subsidence and radiative cooling maintain a similar
structure (Betts, 1982a). One way this can be inter-
preted is that both cloud and environment are adjusting
toward a similar mixing line, but (in cumulus layers)
the environment has a longer adjustment time (see
section 4a). In stratocumulus, the large radiative di-
vergence at cloud top can also be regarded as producing
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F1G. 6. Schematic showing relationship between mixing lines for
cloud environment and in-cloud data, and trend of environmental
structure with time (arrows).
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a modified mixing line (Betts, 1983; Hanson, 1984).
In this paper, however, we shall focus on the impor-
tance of the structure of p*( p) in clouds and boundary
layers, rather than the processes which produce depar-
tures from one simple mixing line. The nonequilibrium
structure of partially mixed convective boundary layers
(an extension. of the analysis of Betts, 1983) will be
explored in a later paper.

For prognostic modeling of shallow cloud fields, it
is sufficient to compute a cloud-top mixing line and
adjust toward it with a specified adjustment time scale
to approximate the convective transports in the
boundary layer (see Betts and Miller, 1984).

4. Cloud-scale mixing

. This section discusses cloud-scale mixing in terms
of the mixing line and two cloud instability processes.
The first is the instability associated with cloud-top
mixing and evaporation, and the second, the buoyancy
equilibrium hypothesis introduced by Telford (1975),
which involves the comparison of the buoyancies of
cloud and environment.

a. Growing towers in scattered cumulus

A further consequence of the evaporative mixing
instability is that, in boundary layers with scattered
cumulus clouds, there is mixing on two separate time-
scales. The convective field as a whole is a vertical mix-
ing process between the subcloud layer and the free
atmosphere. The cloud environment is thermodyn-
amically stable, while on the cloud scale there is vig-
orous vertical mixing because the cloudy regions are
unstable to cloudy processes. This affects both the bulk
thermodynamics of the cloud (e.g., Paluch, 1979) and

also the microphysics (e.g., Baker and Latham, 1979).

- These are complex processes which perhaps may not
be easily reduced to simple parameters. However, for
simple cloud parameterizations and the representation
of subgrid scale cloud statistics in numerical models,
a bulk representation of cloud-scale mixing would have
value.

For the simplified quasi-equilibrium structure dis-
cussed in section 3, where the cloud layer is character-
ized by a unique mixing line, in-cloud thermodynamic

- properties will also have SPs on this mixing line, and

could be characterized by a saturation level (SL) dis-

tribution p¥( p) for cloudy air. Figure 7 shows a possible

model in the form of a schematic plot of p* against p,

showing how the distinct cloud-environment popu-

lations might stratify in a diagnostic study. The short
dashed line is p = p*, representing the boundary be-
tween cloud and unsaturated air, between unstable and
stable regions. The levels where cloud-parcels cross this
boundary are significant in the atmosphere. They are
cloud base or lifting condensation level (LCL), and the
level at which overshooting cloud tops sink and evap-
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F1G. 7. Schematic tephigram showing plot of p*(p) for cloud parcels
(solid lines) and environment (heavy dashed), showing separation of
the two populations. A schematic air circulation through a cloud is
shown on the right. .

orate completely (called the sinking evaporation level,
SEL, in Betts, 1978). The heavy dashed line is the en-
vironmental mean profile showing the typical structure
discussed in Fig. 1, with p* varying slowly with p in
the subcloud layer (small 8 =~ 0.2), a cumulus layer
with nearly constant subsaturation (8 =~ 1), and a
cloud-top stable layer where p* increases to its free
atmosphere value at cloud top, pr. Although the ther-
modynamic structure is characterized by one mixing
line there are quite distinct zones of mixing and a very
nonuniform p*( p) distribution (as in Fig. 1).

- Schematic paths of p*( p) (corresponding to different
values of 8,) are drawn for two cloud parcels rising
with mixing from cloud base, overshooting to reach
cloud top at prand sinking back to become part of the
environment near the base of the cloud-top stable layer.
Mixing between cloud and environment gives non-
adiabatic thermodynamic parameters inside the cloud
and corresponds to 8, > 0. A wide range of mixing is
likely to exist, but it is possible that the cloud towers
of the deeper clouds may have a characteristic value
of B.. The deeper clouds are an important subset of
the population because they determine the depth of
the convective layer. In addition they will be the first
to form precipitation-size particles. Observations of
cloud top and the SEL (the level where sinking cloud
towers evaporation) for these clouds could be used to
estimate mean values of 8. over the ascent and descent
of a parcel through the cloud. Betts (1982b) showed
that

pe—pr_1-8
Ds — Pr l+ﬁc

@

where pg, pr, pe are the pressure levels for cloud base,
cloud top and the SEL (Fig. 7) respectively. Thus for
B. = 0.5, clouds sink back one-third of the distance to
cloud base before evaporating. These estimates of (3.
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could be compared with bulk estimates of mixing from
in-cloud thermodynamic measurements.

The estimation of the level of origin of air entrained
into clouds from their environment (Paluch, 1979;
Boatman and Auer, 1983; LaMontagne and Telford,
1983) requires an environmental structure which de-
parts from this one mixing line, hypothesized for a
quasi-equilibrium balance between subsidence and
convection. In fact, cumulus layers rarely attain the
hypothesized equilibrium mixing line structure
throughout their entire depth, because nonprecipitating
convection is inherently destabilizing (Betts, 1973) and
the cloud field continually deepens, entraining un-
modified air at cloud top as discussed in (3¢) and Fig.
6. Despite this, the single parameter p*(p) represen-
tation gives a good estimate of the relative fractions of
air originating from below cloud-base and at the top
of the convective layer, and is an important diagnostic
parameter as a tracer on air parcel saturation level.

b. Energetics of evaporative mixing instability

Many authors have discussed the importance of
cloud-top evaporative mixing instability: Lilly (1968),
Randall (1980), Deardorff (1980) for stratocu-
mulus; Squires (1958), Paluch (1979) and others for
cumulus. Betts (1982a) showed it is related to the mix-
ing line slope being more unstable than the moist vir-
tual adiabat (I, section 2). It is a within-cloud insta-
bility and as pointed out by Randall (1980) it is essen-
tially the classical conditional instability, with virtual
temperature included. It is a mixing instability as well
because the turbulent overturning mixes in unsaturated
air at cloud top, which in turn maintains the unstable
mixing line slope. Without this entrainment, the cloud
layer would overturn and establish a neutral structure
(SPs on I, isopleth). However, moist adiabatic descent
is limited by the parcel liquid water content (Betts,
1973), which can be further reduced by mixing. Note
that is an instability within the cloud, and is distinct
from the comparison of cloud—-environment buoyancy
differences, which is discussed in section 4c.

We shall use the simple mixing line model to illus-
trate the energetics of this process, and establish a time
scale and turbulent velocity scale for the instability,
which should be of importance to cloud-top entrain-
ment instability, and downward mixing from cloud
top in cumulus.

Figure 8 shows a schematic thermodynamic diagram
where cloud-top mixing has established a gradient of
SL, p* within the cloud along a mixing line as shown.
The slopes of the mixing line and the moist virtual
adiabat will be linearized and defined symbolically in
terms of the gradient of virtual potential temperature
for unsaturated air, 6,,, (sce Betts, 1982a).

FM = (aouu/ap)M’ Pvc = (aavu/ap)ﬂuc;
ATy =Ty — Ty
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F1G. 8. Schematic tephigram showing mixing line (heavy dashes)
for evaporative mixing instability: p}(e) is the saturation level (SL)
of environmental air entrained at cloud-top (pressure level py); p} is
the SL of cloudy air below the cloud-top interface.

is a measure of the instability of the mixing line for
cloudy processes.

Consider a cloud parcel just below cloud top, pr,
with SL, prat A. Its liquid water content is related to
P. = p% — pr. Any small downward perturbation will
produce unstable descent, but without further mixing
it will evaporate all its liquid water (/) after descending
a pressure distance Ap = P, to its SL, p¥. If the bulk
of the cloud at this new pressure level (pr + Ap) has a
SL p*( pr + Ap) as shown (point B) then the perturbed
parcel will have a negative buoyancy (as its liquid water
reaches zero) of

Ab, = AT, Ap*. (5)
Hence, we can define an evaporative available potential
energy (EAPE) for this descent while cloudy
Ab
6
. (6)

Using (5) and converting to pressure units, using mean
panel density p

EAPE = g— Az.

gAT, Ap
=22 Ap* —= | 7
EAPE 2, p po” ¥

Now Ap = P.and Ap* = BAp, if we use the parame-
terization from section 3, giving

B (?c)z
EAPE = ——=|{—] ,
2(pg)’ \ 7
where an evaporative mixing instability time scale has
been defined
(pngI‘v)‘” 2
T = _0"‘—‘ .

As well as this instability time scale, it is clear that
there is an associated velocity scale (in p-coordinates)

®

©)
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Qp = aP,/r, where a=VB/2~05, (10)

related to the descent distance before total evapora-
tion of cloud water. In cumulus we might expect AT,
~ 2°C/100 mb and P, =~ 50 mb (equivalent to /
~ 1.0gkg ) wefindr ~ 120s, Qz/pg ~ 2 ms™,
For cloud-top entrainment instability in stratocu-
mulus, the time scale will be longer near the marginal
instability condition, and / may be less. For AT,
~ 0.5°C/100 mb and P, =~ 10 mb we find a smaller
Qr/pg ~ 20 cm™'. We would expect Q% to be a useful
‘scaling parameter for turbulent entrainment.
This simple analysis neglects three factors. As 8 —
0 (a well-mixed layer) EAPE appears to vanish in (8).
However, whatever the gradient of p*(p) within the
cloud layer, there will always be a gradient at the cloud-
top interface. One can modify the analysis and consider
an initial “perburbation” to be caused by additional
mixing moving A to A’ on the ML. This parcel is colder
at cloud top (p7) but it also has a smaller 2, and /, so
that its cloudy descent distance is reduced. It is
straightforward to find a maximum EAPE for various
A’ between A and A”. The appendix shows that only
the coefficient in (8) is changed:

(EAPE)max = ®)

=5 (7)
209’2 -8 \7)
This reduces to (8) for 8 = 1, but is non-zero for
B = 0. Secondly, a parcel is negatively buoyant after
descent to zero liquid water content, and will then de-
scend dry adiabatically conserving its (unsaturated) 8,,,
(in the absence of further mixing). This increases the
coefficient on EAPE in (8) (see appendix) but the effect
is small, provided the mixing line slope is closer to the
T'yc than the T, isopleth. The third simplification is
that in estimating g, it was assumed that there was
no further mixing after a parcel started its unstable
descent. This focuses attention on a difference between
updrafts and downdrafts in nonprecipitating cumulus.
Mixing sets up the unstable mixing line structure within
clouds. Parcels perturbed downwards can sink in a
downdraft until they evaporate all their cloud water,
whereas parcels perturbed upwards have no such re-
striction. Continual mixing reduces the buoyancy per-
turbation for both updrafts and downdrafts, but for
downdrafts it also permits unstable descent to continue
by supplying more cloud water. Emanuel (1981) has
proposed a similarity theory for unsaturated down-
drafts in cumulus, based on continuous mixing and
evaporation. Despite these complications, it still seems
likely that the velocity scale (P./7) may be an important
scaling parameter for evaporative mixing instability.

c¢. Telford’s buoyancy equilibrium hypothesis

Telford (1975), Telford and Wagner (1980) and
Rogers et al. (1985) have proposed that the cumulus
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lifecycle has three distinct phases. Newly growing tow-
ers form on the upshear side of clouds, then mix rapidly
to near buoyancy equilibrium with the cloud environ-
ment. They suggest that the bulk of the cloud lasts for
a relatively long time in this “dwell-phase,” mixing
rnore slowly until, once it becomes negatively buoyant,
it sinks as a whole and rapidly evaporates. This argu-
ment involves a comparison of the buoyancy of cloud
and environment at the same level, in contrast to sec-
tion 4b where the vertical instability within the cloud
alone was analyzed ignoring the environmental strat-
ification. By using a mixing line analysis we can explore
the relationship of these two overturning processes on
different scales.

1) BUOYANCY EQUILIBRIUM AND LIQUID WATER
CONTENT

The idea of a reference liquid water content asso-

.ciated with neutral buoyancy (Telford and Wagner,

1980) is of value because on a single mixing line, buoy-
ancy and liquid water content have a one-to-one re-
lationship at any pressure level in a cloud. We again
linearize the slope of this mixing line and the reference
8, isopleths for unsaturated and cloudy air, T',,, Ty,
(Betts, 1982a), using the definitions of I'y; and I',. in
section 4b, and noting I, = (84,,,/dp)s,, = 0. Figure 9
shows a schematic thermodynamic diagram. By equat-
ing the change of §,, along the heavy dashed mixing
line to the change along the dashed virtual adiabats
which intersect at Q, we get the buoyancy equilibrium
condition:

. I‘M(?)cn - ?c) = Puc?m (l 1)
where P, P, are (p* — p) for cloud and environment
at any level and suffix n denotes neutral buoyancy.
This gives a condition on /, and P,

\""Afv——’:
Iy |
u\ 1 [
—T——"T.?Tp‘; :
Y
P\l
11
F{)@-\" \ ! :
&y ! -
wu \(i( \: : FPen [’“/(b"s/op)egs
i
p v, \l P*
3 C

FIG. 9. Schematic thermodynamic diagram showing relationship
of mixing line, P, and cloud liquid water content to buoyancy equi-
librium hypothesis. The open circles denote environment and cloud
parcel SPs.
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ln/(aqs/ap)f);;s = Pcn = ?eFM/(I‘M - Fvc), (12)

which involves the environmental subsaturation P, and
the mixing line slope in relation to the reference density
isopleths. Typically for cumulus layers, I';; may lie
halfway between T',,, T',.; P, =~ 50 mb (usually varying
only weakly with height: 8, =~ 1: see section 2), giving
for neutral buoyancy

Pp~50mb, I,~10gkg™ (13)

roughly independent of height in the cloud. This simple
formulation breaks down near cloud base where even
adiabatic cloud parcels are typically negatively buoyant
and the environmental SPs lie off the cloud-top mixing
line (for example, see Betts, 1982a, Fig. 16). However,
it is qualitatively a reasonable approximation for the
upper half of a cloud layer. Environmental SPs off the
cloud-top mixing line (A# at constant p in Fig. 9), can
be included to give a modified formula

P, - Py — A ’
(FM - Fvc)
showing that an environmental SP structure to the left

of the cloud-top mixing line reduces the neutral buoy-
ancy liquid water content.

(12)

2) DWELL PHASE EQUILIBRIUM

Having defined ?,..(p) using (12'), we can say that
a region of a cloud is buoyant compared to its envi-
ronment if P, > P, and is therefore likely to maintain
a cloud-base updraft, but if P, < 2., it is negatively
buoyant, and is likely to sink and rapidly evaporate.
Clearly P, gives a valuable point of reference for the
future of a cloud.

However, if the evaporative mixing instability cri-
terion is met (AT, > 0 in Fig. 8) then downward mixing
from cloud top will proceed continuously because of
the mechanism discussed in section 4b, regardless of
P., and P, will decline steadily at all levels as mixing
proceeds. It seems unlikely therefore that a long-lasting
dwell phase can exist at neutral buoyancy. Vertical ad-
vection (that is an updraft) is needed to balance the
continuous downward mixing in order to attain any
quasi-steady state, and this requires a slightly buoyant
cloud with P, > P,,.

We can set up a simple one-dimensional model to
describe this. Neglecting horizontal gradients, we would
write the SL balance at a pressure level as

oz oz
=4, 25
at ap

where p¥, w, are respectively mean SL and vertical
velocity (in p-coordinates) in the cloud at a pressure
level. Cloud parcel SL is not conserved following a
parcel because of downward mixing of air with a SL
at a lower pressure, which we parameterize as a velocity

= Wmnix

(13)
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scale, wmix. For the maintenance of the cloud with time,
we require

dp¥/at>0 or B =3dpf/op < wmix/we.

We see that (for constant wy,;,) stronger updrafts will
give smaller values of 8. corresponding more closely
to adiabatic ascent. For the maintenance of the cloud
with height we require dp¥* /dp < 1 which means |w,|
> |Wmixl. In cumulus, wpyix is probably <Qr ~ few m
s~!, although it is likely to be related to the updraft
energetics as well. This suggests that the maintenance
of a cloud requires a certain updraft sufficient to bal-
ance the downward mixing of air with a lower SL pres-
sure. If the updraft weakens below this value, the cloud
will rapidly die. We conclude that a “dwell phase”
(Telford and Wagner, 1970) of a cloud is possible, but
that it requires weak positive buoyancy rather than
buoyancy equilibrium. Although we have concluded
a dwell phase is possible, we have not explained why
it might occur.

The maintenance of a 3 m s™! updraft in 2 1.5 km
deep cloud requires only weak positive buoyancy,
(=0.2 K) corresponding to small values of (P, — ?,,)
~ 10 mb for T'y; ~ 2°/100 mb, appreciably smaller
than our estimate of P, ~ 50 mb. Thus, it seems that
the idea of buoyancy equilibrium and corresponding
values of /,, P, is a useful reference point.

d. Updraft energetics

An estimate of the cloud-scale updraft available po-
tential energy (UAPE) can be made using buoyancy
equilibrium as a reference state [Eq. (12)]. Using mean
values for a cloud of depth Ap

A6, Ap

UAPEzga .
v P,

(14)

Using an analysis similar to that in section 4c and Fig.
9 one can introduce a mean 2., (Eq. 12) giving

UAPE ~ gAPv(¢c - ?cn)Ap/pgova (15)
which gives an estimate of an updraft Q, [defining +
from (9))

Qu ~ (Ap(ﬁc - isL‘n)/'r)ln- (16)
Equation (16) shows that cloud depth is an important
scaling parameter for the cloud-scale updraft velocity
as well as P, (related to cloud water) and 2., (related
to the environmental and mixing line stratification).
Equation (16) has a well-known and important upper
limit. In the absence of mixing, cloud water will have
the adiabatic values and 2. =~ Ap/2, and for some
cumulus atmospheres ., is small, giving

Qu(max) < Ap/r. amn
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" e. Distribution of p* within clouds

Sections 4¢ and 4d discuss highly simplified models

of the updraft and downdraft energetics which show
that P, is an important pressure scale in addition to
layer depth Ap and ., which is related to environ-
mental structure and mixing line slope. Clouds are very
inhomogeneous however, and we need observational
studies of the distribution of p* (and hence P = p*
'— p) to assess the usefulness of these parameters for
“the study of mixing within clouds. Nonetheless, because
the vertical mean structure is tied to a mixing line (or
closely related structure), the statistics of the p* distri-
bution do reflect both the vertical transports and the
horizontal mixing between updraft and downdrafts and
may yield information about the complex circulation
within clouds. Furthermore, because Eq. (13) suggests
that the p* structure within clouds may represent pri-
marily a balance between downward mixing by evap-
orative mixing instability and upward advection by the
mean cloud-scale circulation, it is possible that it may
be useful to look for functional relationships of the
form

B = f(Qe/Q). (18)

For partly cloudy boundary layers the distn'bution of
p* within clouds is just part of the whole p* distribution
of cloud and environment, discussed in the next sec-
tion.

S. Statistical structure in cloudy boundary layers

Section 3 discussed parametric models for the mean
vertical structure of partially cloudy boundary layers,
and section 4 some aspects of the thermodynamic
structure and processes within clouds. The cloud-en-
vironment separation is a conceptual idealization,
similar to the ascending—descending branch separation
in a mixed stratocumulus layer (Betts, 1983). Both
though, are interrelated with the fractional cloud cover
which is important to the radiative budgets of the
earth’s boundary layer. In the final section of this paper,
we shall discuss in outline only the structure of p*
within a boundary layer from a statistical viewpoint.

a. Data sampling

Following earlier sections, we assume that the ther-
modynamic structure is characterized by one mixing
line, so that the saturation level, p*, on this ML
uniquely defines a parcel’s thermodynamic properties,
whether cloud or environment. In the primary section
we have discussed only the mean vertical distribution
of p*( p), p¥( p) for cloud and environment. In-situ ver-
tical sampling whether by aircraft or balloon soundings
gives instantaneous profiles rather than the  mean
structure. Horizontal sampling gives the statistics of
the distributions of p*(x, y); a measure of the variance
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at each level. If the horizontal distribution is combined
with a vertical mean profile, then it can be converted
to a distribution of air parcels, originating in the mean
at different levels in the atmosphere, which have as-
cended or descended with the vertical motions in clouds
and between clouds. (Parcels with p* > p are cloudy,
while those with p* < p are unsaturated.) Clearly, the
horizontal distribution p*(x, y) [together with the ver-
tical mean structure of p¥(p) and p*(p)] encapsulate
the statistics of the boundary layer mixing process and
the fractionai cloud cover. Observational studies are
needed to provide these statistics and their height vari-
ation for different cloud regimes. For illustration, a
normal distribution will be considered first.

b. Normal distribution .

A normal distribution of p* at a pressure level would
give a particularly simple relationship between mean
p*, distribution variance and fractional cloudiness.
Figure 10 shows this schematically for a level mean
subsaturation pressure 7 = (p* — p), and a normal
distribution with a variance ¢ = |P| (chosen only for
illustrative simplicity). The bulk of the distribution
corresponds to unsaturated air (with p* < p), only the

. tail greater than +¢ corresponds to cloudy air. Hence,
for this case, the fractional cloudiness is ~16% (see
cumulative distribution on right).

We see that given the distribution N(p*, p) (a func-
tion of pressure), fractional cloudiness is specified. Very
simple parameterizations may be of value in models.
For example, if the mean P is given by dP/dp = 8
— 1, integrated from cloud base, and the distribution
is normal, we need only ¢ to give cloudiness as a func-
tion of height. For the very simple case of ¢ indepen-
dent of height, the fractional cloudiness changes with
height only through the shift of the mean of the dis-
tribution as ? changes.

N(p® F(p*)
A~ h

o
10

CLouDY

UNSATURATED
T [4) =0
. 244 0

o op'p
—_— — Y

FIG. 10. Schematic showing distribution function N(p*) at a pres-
sure level p. Distribution is normal with mean p* offset 2 (negative)
from p corresponding to the mean subsaturation at that level and
standard deviation ¢. On the right is the cumulative distribution
function expressed in multiples of /g, showing fractional cloudiness
(P > 0) ~ 16%.
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¢. Other distributions

It would be surprising if a normal distribution fitted
most real boundary layers. Diagnostic studies which
are particularly simple in the ( p, p*) framework, or the
computation of distributions from the numerical sim-
ulation of cloud fields, are needed as a basis for further
parameterizations. However, we will discuss some pos-
sible complications. The conventional model distinc-
tions of cloud and environment (or ascending and de-
scending branches) imply bimodal distributions of
N(p*), not normal distributions. Indeed for the model
mixed stratocumulus layer in Betts (1983, Fig. 1), the
idealized distribution has two very sharp peaks for the
ascending and descending branches of the symmetric
circulation, so that fractional cloudiness changes dis-
continuously from 100 to 50% as p passes pp and to
0% as p passes p4 (pp, D4 are the cloudbases for the
descending and ascending branches, respectively).

For a cumulus field discussed in earlier subsections
the concept of different values of 8 for cloud and en-
vironment implies distinct peaks whose separation
changes with pressure. Figure 11, arranged with p*
vertical, shows hypothetical distributions at different
levels in the boundary layer. Near the surface a near
normal distribution N(p*) with a peak at or a little
below cloud-base (here assumed to be 900 mb) may
be a reasonable approximation. However, in the cloud
layer, if there are characteristic peaks for cloudy and
environmental air corresponding to 8, = 0.5 and 8,
= 1.0, then a bimodal distribution function with sep-
arating peaks is likely as shown schematically.

One reason to expect a bimodal distribution for a
cumulus layer is that air with p* = p (P = 0) has the
minimum temperature associated with cloud—clear air
mixing at a cloud boundary (Betts, 1982a). This air at
the evaporating cloud boundary will have a maximum

600
B-1
p*
700 —. N(p"}
B-05
800——
700 mb
CLOUDY
m——tD 800
1000 800
(surtace}
1000

FIG. 11. Schematic showing hypothetical N(p*) distributions for
four pressure levels, surface (1000 mb), cloud-base (900 mb), 800
mb and 700 mb. Peaks assume distinct separation of cloud and en-
vironment populations, with different characteristic values of 8.
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negative buoyancy for that level, and might be expected
to sink rapidly to nearer its level of buoyancy equilib-
rium. The concept of buoyancy equilibrium (Telford,
1975; Telford and Wagner, 1980) would also suggest
a bimodal distribution with peaks for cloud and en-
vironment at values of P.., P, satisfying Eq. (12).
However, clouds may have a broader p* distribution
with some active towers having, say, 8. ~ 0.5, while a
larger cloud residue has weak updrafts and is slowly
decaying near buoyancy equilibrium (with perhaps £,
~ 0.8). This is an important difference. Most in-cloud
measurements focus on the properties of active clouds.
However, for the computation in models of the radia-
tive fluxes in the boundary layer we require the entire
cloud distribution.

These examples are only schematic. The intent is to
suggest a general framework for the analysis of cloud
field thermodynamic data using a mixing line approach
and particularly (p*, p) coordinates, which is suitable
for the diagnostic analysis of cloud fraction in terms
of a measurable thermodynamic distribution. They also
form a framework for the study of vertical mixing (e.g.,
change of mean with height) and horizontal mixing
between cloud and environment or ascending and de-
scending branches in boundary layers (related to vari-
ance of p* at a level and separation of distribution
peaks). The spectrum could also form the basis for the
study of the final decay and evaporation of clouds by
mixing processes.

6. Conclusions

This paper has presented a diagnostic framework for
the study of partially mixed cloudy boundary layers,
in-cloud properties and fractional cloudiness using bulk
thermodynamic methods. We have shown how choos-
ing a representative mixing line between the subcloud
layer and air entrained at cloud top can be used to
simplify the boundary layer mixing problem into the
study of air parcel saturation level, p*, which locates
a parcel’s thermodynamics on the mixing line. The
mean distribution of p*( p) for cloud and environment
are important bulk properties of a layer.

If the air at cloud top is stable to evaporate mixing
instability then the boundary layer becomes quite well-
mixed with a small internal gradient of p*( p). However,
if cloud-top entrainment satisfies the evaporative mix-
ing instability criterion, then cloud-top mixing becomes
a rapid downward mixing process and the layer as a
whole becomes partially cloudy with a mean gradient
dp*/dp = 1. Thus, the rapid cloud-top entrainment
partially decouples the cloud layer from the subcloud
layer to give the layered thermodynamic structure of
scattered cumulus. The transition between stratocu-
mulus and cumulus can be studied using the mixing
line, and this p*( p) framework.
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A velocity scale for the evaporative entrainment in-
stability is derived. For cumulus it is ~few m s™'; near
the stratocumulus breakup condition it may be an or-
der of magnitude less. We discuss the buoyancy equi-
librium condition proposed by Telford for liquid water
content in cumulus, and conclude that a quasi-steady
state requires weak positive buoyancy so that upward
advection can balance downward mixing by the evap-
orative mixing instability. A velocity scale for cloud-
scale updrafts was estimated in terms of a departure
from this buoyancy equilibrium condition.

The distribution function along a mixing line of air
parcel p* at one pressure level is related to fractional
cloudiness. A normal distribution gives a particularly
simple relationship between the cumulative frequency
distribution and fractional cloudiness. Diagnostic
studies are needed of actual distributions in partially
cloudy boundary layers of all types (as a function of
height) to provide an observational basis for parametric
models of fractional cloudiness. It is likely that a bi-
modal distribution exists for many cumulus layers.

The major limitation of this paper is that it provides
only a conceptual framework. Extensive data analysis
of a wide range of boundary layers are needed to pro-
vide the statistical structure of different boundary layers
and cloud fields, in terms of the conserved parameter
mixing line, The few published examples (Betts, 1982,
1984; Hanson, 1984; Paluch, 1979; Boatman and Auer,
1983; LaMontagne and Telford, 1983) for boundary
layer structure give encouragement that this analysis
approach will be fruitful. Global modeling work is in
progress (Betts and Miller, 1984) using a mixing line
parameterization for shallow convection based on these
preliminary diagnostic studies, also with encouraging
results. There is no doubt that proper inclusion of the
vertical thermodynamic transports by shallow nonpre-
cipitating (or weakly precipitating) cloud fields is crucial
for global modeling. It is hoped that diagnostic analyses
of the type proposed here will provide an observational
basis for the improvement of current schemes. In ad-
dition, observational studies will provide the basis for
the inclusion of radiative and other nonequilibrium

‘processes, which produce deviations from the idealized
mixing line structure considered in this paper.
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APPENDIX

Downdraft Available Potential Energy from
Evaporative Mixing

In section 3b, the evaporative available potential en-
ergy (EAPE) for parcel descent with evaporation was
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computed for SP A in Fig. 8, which becomes negatively
buoyant on descent. The expression (8) vanishes
though, within a well-mixed layer with 8 = 0. However,
at cloud top, mixing will still produce negative buoy-
ancy. :

a. Maximum EAPE from mixing

We can initiate unstable parcel descent by mixing.
Conceptually we suppose the same mean gradient 8
= dp*/dp within the cloud. Rather than perturb parcel
A (in Fig. 5) downward, suppose there is locally ad-
ditional downward vertical mixing, changing its SP to
A’ (here we show this at cloud top), where A’ is cloudy
with (p* — p) of P (0 < a < 1). As « changes from
0 to 1 this corresponds to all mixtures from A” to A
on the mixing line, and liquid water contents from
zero to that corresponding to ?.. The parcel with SP
at A’ has less liquid water but greater initial negative
buoyancy. Its initial buoyancy is

Ad(I) = AT (1 — a)P,, (Al)

its final value, as / — 0 after descending a2, in cloud
with dp*/dp = B, ‘

AbB(F) = AT, [(1 — &)P. + BaP]. - (A2)
Hence its integrated
| . P2
EAPE = 885 21 — ) + Baja LS. (A3)
20, 74

For a = 1, this reduces to (8). Differentiating gives a
maximum value of EAPE for o = 1/(2 — 8) of [using

9]
1 P2

Q 2
CAPE o~ 2~ o) [
&)

For @ = 1, this is the same as (8), but for 8 = 0, EAPE
is not zero but is reduced only by a factor of 2.

b. Subsequent unsaturated descent

A further extension is to consider the additional
contribution to the downdraft available potential en-
ergy from the unsaturated descent of a parcel after all
cloud water is evaporated (if there is no further mixing).
Its negative buoyancy will decrease from that given by
(A2) to zero (buoyancy equilibrium) after sinking:

Ap = AB6(F)/(86,/3p)., (A4)
where the gradient of 6, in the cloud layer is given by
a6, 80\ - 60.,u)
—} =8l—) +0-P/l—) =T, —8ATL,
(ap ) 6(31)* )M' ( ﬂ)(ap* . g
' (A5)
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where T',. = (80,,/3p)s,.. This is a weighted average
between the gradients for the mixing line and the 8,
isopleth. The additional APE contribution for this un-
saturated descent is therefore

[(1—a)+afP P2 AT,
2(pg)2 7 T, — BAT, )
This contribution is small compared to EAPE for mix-
ing line slopes close to the T, isopleth (small AI‘,,/I‘,,C)
but may become significant for very unstable mixing

lines. However, we see that it retains the same pro-
portionality to 952 as (8) and (8").

EAPE' =

(A6)
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